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Abstract. Let V he a, finite dimensional complex vector space and W C GIj{V) be a finite 
complex reflection group. Let V'^'^^ be tiie complement in V of the reflecting hyperplanes. We 
prove that 1/''°^ is a K{n, 1) space. This was predicted by a classical conjecture, originally 
stated by Brieskorn for complexified real reflection groups. The complexifled real case follows 
from a theorem of Deligne and, after contributions by Nakamura and Orlik-Solomon, only 
six exceptional cases remained open. In addition to solving this six cases, our approach is 
applicable to most previously known cases, including complexified real groups for which we 
obtain a new proof, based on new geometric objects. We also address a number of questions 
about 7ri(W^\y^°^), the braid group of W. This includes a description of periodic elements in 
terms of a braid analog of Springer's theory of regular elements. 
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Introduction 

Let y be a finite dimensional complex vector space and W C GL(y) be a complex reflection 
group (all reflection groups considered here are assumed to be finite). 

Let the complement in V of the reflecting hyperplanes. In the case when is a type 

A reflection group, Fadell and Neuwirth proved in the early 1960's that V^^^ is a K{tt, 1) (this 
is an elementary use of fibration exact sequences, see [28]). Brieskorn conjectured in 1971, [16], 
that the K{tt, 1) property holds when is a complexified real reflection group. It is not clear 
who first stated the conjecture in the context of arbitrary complex reflection groups. It may be 
found, for example, in Orlik-Tcrao's book: 

Conjecture 0.1 ([36], p. 163 & p. 259). The universal cover o/y'^^ is contractible. 

Our main result is a proof of this conjecture. It is clearly sufficient to consider the case when 
W is irreducible, which we assume from now on. Irreducible complex reflection groups have 
been classified by Shcphard-Todd, [42]. 

The complexified real case (i.e., Brieskorn's conjecture) was quickly settled by Deligne, [25]. 
The rank 2 complex case is trivial. The case of the infinite family G{de, e, n) was solved in 
1983 by Nakamura, [33] (here again, the monomiality of the group allows an efficient use of 
fibrations). A few other cases immediately follow from the observation by Orlik-Solomon, [35], 
that certain discriminants of non-real complex reflection groups are isomorphic to discriminants 
of complexified real reflection groups. 

Combining all previously known results, the conjecture remained open for six exceptional 
types: G24, G27, G29, G31, G33 and G34. We complete the proof of the conjecture by dealing 
with these cases. 

Let di < ■ • ■ < d„ be the degrees of W . Let cZ* > • • • > d* = be the codegrees of W . We 

say that Vl^ is a duality group if di + d* = dn for all i (by analogy with the real case, we then 
say that dn is the Coxeter number of W, denoted by h). We say that W is well-generated if it 
may be generated by n reflections. Orlik-Solomon observed, by inspecting the classification of 
Shephard-Todd, that 

is a duality group W is well-generated. 
The first ten sections of this article are devoted to the proof of the following theorem: 

Theorem 0.2. Let W be a well-generated complex reflection group. The universal cover ofV^^^ 

is contractible. 

The proof relies on combinatorial and geometric objects which are specific to well-generated 
groups. It is essentially "case-free", although a few combinatorial lemmas still require some 
limited use of the Shephard-Todd classification. 

Five of the six open cases are well-generated: G24, G27, G29, G33 and G34. The theorem also 
applies to the complexified real case, for which we obtain a new proof, not relying on [25]. 

The remaining case, G31, is not well-generated: it is an irreducible complex refiection group 
of rank 4 which cannot be generated by less than 5 reflections. Fortunately, we may view it 
as the centraliser of a 4-regular element (in the sense of Springer, [41]) in the group G37 (the 
complexification of the real group of type Eg). By refining the geometric and combinatorial 
tools introduced in the study of the duality case, one obtains a relative version of Theorem 0.2: 

Theorem 0.3. Let W be a well-generated complex reflection group. Let d be a Springer regular 
number, let C, be a primitive complex d-th root of unity, let w be a ^-regular element. Let 

V' := ker(it; — Q, let W be the centraliser of w in W, viewed as a complex reflection group 
acting on V (see [41]J. Let V"^^^ be the associated hyperplane complement. The universal cover 
Q^yixeg contractible. 
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This in particular applies to G31 and, based on earlier results, completes the proof of the 
K{'K, 1) conjecture. 

Note that the case d = 1 in Theorem 0.3 is precisely Theorem 0.2. We state the two results 
separately because it better reflects the organisation of the proof. 

As by-products of our construction, we obtain new cases of several standard conjectures about 
the braid group of defined by 

B{W) := 7ri{W\V'^^). 

Proving Theorem 0.2: general strategy. The general architecture of our proof is borrowed 
from Deligne's original approach but the details are quite different. Every construction here 

is an analogue of a construction from [25] but relies on different combinatorial and geometric 
objects. Like in [25], one studies a certain braid monoid M, whose structure expresses properties 
of reduced decompositions in W, and one proves that it is a lattice for the divisibility order (this 
amounts to saying that the monoid is Garside). Like in [25], one uses semi-algebraic geometry 
to construct an open covering of the universal cover of y'^s, with the property that non-empty 
intersections are contractible. This implies that the universal cover is homotopy equivalent 
to the nerve of the covering. Like in [25], one interprets this nerve as a certain flag complex 
obtained from M. Like in [25], the contractibility of the nerve follows from the lattice property 
for M. However, our proof docs not use the classical braid monoid, but a dual braid monoid 
([3], [6]), whose construction is generalised to all well-generated complex reflection groups. The 
construction of the open covering is the most problematic step: by contrast with the real case, 
one cannot rely on the notions of walls and chambers. The idea here is to work in W\V^'^^ and 
to use a generalisation of the Lyashko-Looijenga morphism. This morphism allows a description 
of by means of a ramified covering of a type A reflection orbifold. Classical objects 

like walls, chambers and galleries can somehow be "pulled-back", via the Lyashko-Looijenga 
morphism, to give semi-algebraic objects related to the dual braid monoid. 

Lyashko-Looijenga coverings. The quotient map vr : y'^s W\V^'''^ is a regular covering. 
Once a system of basic invariants (/i, . . . , is chosen, the quotient space W\V^^^ identifies 
with the complement in C" of an algebraic hypersurface H, the discriminant, of equation A G 
C[Xi, . . . , Xn]- If W is an irreducible duality complex refiection group, it is possible to choose 
ih,---,fn) such that 

A = Xli + 012X1-'^ + ••• + «„, 

where a2, . . . , an G C[Xi, . . . , X„_i]. Let Y := SpecC[Xi, . . . , Xn-i], together with the natural 
map p : WXV^^^ — Y. We have an identification W\V 2± ^ C x y sending the orbit 
U of w G y to {fniv),p{v)). The fiber of p over y G y is a line Ly which intersects TC at 
n points (counted with multiplicities). Generically, the n points arc distinct. Let IC be the 
bifurcation locus, i.e., the algebraic hypersurface of Y consisting of points y such that the 
intersection has cardinality < n. Classical results from invariant theory of complex refiection 
groups make possible (and very easy) to generalise a construction by Looijenga and Lyashko: 
the map LL (for "Lyashko-Looijenga") sending y G Y — IC to the subset {a;i, . . . , x„} C C such 
that p~^{y)m-l = {{xi,y), . . . , {Xn, y)} is a regular covering of degree n!/i"/|W^| of the (centered) 
configuration space of n points in C. In particular, Y — JCis a K{7r, 1). This observation, which 
is apparently new in the non-real case, already allows a refinement of our earlier results ([2], [8]) 
on presentations for the braid group of W. 

The dual braid monoid. When W is complexified real, a dual braid monoid was constructed 
in [3] (generalising the construction of Birman-Ko-Lee, [11]; similar partial results were inde- 
pendently obtained by Brady-Watt, [13]). The construction was later generalised in [6] to the 
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complex reflection group G{e, e,n). Let R be the set of all reflections in a well-generated group 
W. The idea is that the pair {W, R) has some "Coxeter-like" features. Instead of looking at 
relations of the type 

§ts^ = $sL^, 

one considers relations of the type 

st = tu 

where s,t,u G R. Let S be the set of all relations of this type holding in W. In general, 
B{W) 9^ {R\S), but it is possible to flnd natural subsets Rc ^ R and 5c C 5 such that 
B{W) ~ {Rc \Sc) (if W is complexified real, Rc = R). The elements of Sc are called dual braid 
relations. The choices of Rc and Sc are natural once a Coxeter element c has been chosen (the 
notion of Coxeter element generalises to the non-real well-generated groups in terms of Springer's 
theory of regular elements). Since the relations are positive, one may view the presentation as 
a monoid presentation, defining a monoid M{W). The crucial property of this monoid is that 
it is a lattice for the divisibility order or, more precisely, a Garside monoid. Following Deligne, 
Bestvina, T. Brady and Charney-Mcicr- Whittlesey, the Garside structure provides a convenient 
simplicial Eilenberg-McLane K{B{W), 1) space ([25], [10], [12], [21]). The earlier results on the 
dual braid monoid are improved here in two directions: 

• The construction is generalised to the few exceptional cases (G24, G27, G29, G33 and 
G34) not covered by [3] and [6]. 

• A new geometric interpretation is given, via the Lyashko-Looijenga covering. This in- 
terpretation is different for the one given in [3, Section 4]. 

The second improvement is the most important. It relies (so far) on a counting argument, 
following and extending a property which, for the complexified real case, was conjectured by 
Looijenga and proved in a letter from Deligne to Looijenga, [26]. 

Tunnels. The classical theory of real reflection groups combines a "combinatorial" theory 
(Coxeter systems) and a "geometric" theory (expressed in the language, invented by Tits, of 
walls, chambers, galleries, buildings...) We expect the dual braid monoid approach to eventually 
provide effective substitutes for much of this classical theory. A first step in this direction is 
the notion of tunnel, which is a rudimentary geometric object replacing the classical notion of 
minimal gallery between two chambers. An important difference with the classical geometric 
language is that tunnels are naturally visualised in (instead V). A tunnel T is a path 

in W\V^^^ drawn inside a single line Ly (for some y £ Y) and with constant imaginary part. 
It represents an element bx of the dual braid monoid M. An element of M is simple if it is 
represented by a tunnel. This notion coincides with the notion of simple element associated 
with the Garside structure. In the classical approach, for any chamber C, there are as many 
equivalence classes of minimal galleries starting at C as simple elements (this number is \W\). 
Here the situation is different: in a given Ly, not all simples are represented. The simples 
represented in different Ly's may be compared thanks to a huge "basepoint" U which is both 
dense in W\V^''''^ and contractiblc. 

Proving Theorem 0.3. The strategy is the same as for Theorem 0.2. With the notations of the 
theorem, the quotient space W'\V'^^^ may be identified with {W\V'^^^Y''- , for the natural action 
of the cyclic group fid- This action induces an automorphism of B{W) which, unfortunately, 
does not preserve the dual braid monoid. However, it is possible to replace B{W) by a sort 
of categorical barycentric subdivision, its d-divided Garside category M^, on which /j.^ acts 
diagram automorphisms. This construction is explained in my separate article [5]. The fixed 
subcategory M^'^ is again a Garside category. It should be thought of a dual braid category for 
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B(yV') and gives rise to a natural simplicial space, whose realisation is an Eilenberg-MacLane 
space. As before, one shows that (l^\F''^s)/id ig homotopy equivalent to this simplicial model, 
by studying the nerve of a certain open covering of a certain model of the universal cover 
of {W\y'^^^Y'^, very similar to the one used for W\V^'^^ (except that one has to replace the 
contractible "basepoint" by a family of non-overlapping contractible "basepoints" , one for 
each object of Af^'*.) This involves replacing tunnels by a suitable notion of circular tunnels. 
This article focuses the geometric aspects of the proof of Theorem 0.3 - it is probably fair to 
say that the true explanation lies in the properties of Md and in the general theorems about 
periodic elements in Garside groupoids that are explained in [5] . 

By-products. 

Theorem 0.4. Braid groups of well- generated complex reflection groups are Garside groups. 

In the situation of Theorem 0.3, we prove that the braid group B{W') is a weak Garside 
group, which is almost as good. 

In particular, B{W) is torsion-free, admits nice solutions to the word and conjugacy problems, 
is biautomatic, admits a finite -^'(vr, 1) (our construction provides an explicit one), and much 
more - see [23] for a quite complete reference. None of this was known for the six exceptional 
groups mentioned above. 

Theorem 0.5. The centre of the braid group of an irreducible well-generated complex reflection 
group is cyclic. 

Again, the cases of G24, ^27, G29, G33 and G34 are new. It was conjectured by Broue-Malle- 
Rouquier, [18], and should also hold for non-well-generated groups. The only case left, G31, is 
probably not too difficult to solve from our description. 

For B{G29), B{G3i), B{Gs3) and ^(^34), no presentations were known until now, although 
some conjectures made in [8] were supported by strong evidences. 

Theorem 0.6. The conjectural presentations for B(G29), -B(G3i), -B(G33) and B(G34) given 
in [8] are correct. 

Combined with [7] and [8], this completes the longstanding task of finding presentations for 
all generalised braid groups associated with finite complex reflection groups. Theorem 0.6 is 
much easier than the previously mentioned results and only relies on a minor improvement over 
[2] and [8]. However, the material presented here allows for a more conceptual proof. 

Periodic elements in braid groups. In connection with their work on Deligne-Lusztig va- 
rieties (see [17] for more details), Broue-Michel predicted the existence of an analog for braid 
groups of Springer's theory of regular elements. This amounts to a conjectural description of 
periodic elements (elements with a central power) and their centralisers. When W is the sym- 
metric group, periodic elements in B{W) may be understood thanks to Kerekjarto's theorem 
on periodic homeomorphisms of the disk. In the more general setting of spherical type Artin 
groups, finding a simple description of periodic elements was an open question. We are able to 
solve these problems when W is well-generated: Theorem 12.5 contains a complete description 
of the roots of the generator of the center of the pure braid group P{W) and of their centralisers. 

As for Theorem 0.3, the main conceptual ingredient towards the proof of Theorem 12.5 is 
a general property of Garside categories, explained in our separate paper [5]. What is done 
here is the minor step consisting of re-interpreting the general Kerekjdrto theorem for Garside 
categories from [5] in terms of the 5^-structure on the regular orbit space W\V'^'^^. 
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Non-crossing partitions. A combinatorial by-product of our approach is a general construc- 
tion of generalised non-crossing partitions, associated to each type of well-generated complex 
reflection groups. 

In the classical cases An, Bn, Dn and, more generally, G{e,e,n), the structure of M{W) is 
understood in terms of suitable notions of non-crossing partitions ([1], [6], [7]). The dual braid 
monoid of an irreducible well-generated complex reflection W gives rise to a lattice of generalised 
non-crossing partitions, whose cardinal is the generalised Catalan number 

Cat(iy) :=JJ^i±^. 

(the term "partition" should not be taken too seriously: except for the classical types, lattice 
elements do not have natural interpretations as actual set-theoretic partitions.) It is likely 
that this combinatorial object has some representation-theoretic interpretation. In the "badly- 
generated" case, Cat(M^) may fail to be an integer, and the natural substitute for NCP{W) is 
the graph of simples of the dual braid category. 

Notations 

We save the letter i for indexing purposes and denote by \/— T a complex square root of — 1 
fixed once for all. If n is a positive integer, we denote by the standard n-th root of unity 
exp(2\/^7r/n). 

Many objects depend on a complex reflection group W , e.g., the braid group B{W). We often 
drop the explicit mention of W, and write B for B{W). When n is an integer, we denote by 
Bn the braid group on n strings, together with its standard generating set cri, . . . ,<t„_i; it is 
isomorphic to the braid group of ©n in its permutation reflection representation (see Section 3). 
The groups B and S„ appear simultaneously and should not be confused. 



Topological conventions 

Let E he a topological space. Let 7 be a path in E, i.e., a continuous map [0, 1] E. We 
say that 7 is a path from 7(0) to 7(1) - or that 7(0) is the source and 7(1) the target. The 
concatenation rule is as follows: if 7,7' are paths such that 7(1) = 7'(0), the product 77' is the 
path mapping t < 1/2 to 7(2t) and t > 1/2 to 7'(2t - 1). 

A path 7 from e to e' induces an isomorphism (p^ : ni{E, e) t^i{E, e'). 

Let X be a subspace of E. Assume that X is simply-connected (in all applications, X will 
actually be contractible). Then for all x,x' E X there is a unique homotopy class of paths from 
X to x' drawn in X, thus a natural isomorphism (j)x,x,x' '■ t^i{E,x) ^ iti{E,x'). By unicity, 
0x := {4'x,x,x')x,x'ex is a transitive system of isomorphisms between the (7ri(£^, x))^; ex- We 
denote by 

ME,X) 

the transitive limit. Practically speaking, 'Ki{E,X) should be thought of as any ■ki{E,x), for 
some X ^ X, together with an unambiguous receipe thanks to which any path in E from any 
x' £ X to any x" G X represents a unique element of ni{E, x) - moreover, one may forget about 
which X E X was chosen and change it at our convenience. 

Assume that E is locally simply-connected. To get a model Ex of the universal cover E, one 
chooses a basepoint x & E. A path 7 from x to e & E represents a point 7 G E'^, in the fiber over 
e. Two paths represent the same point if and only if they are homotopic (with fixed endpoints). 
The topology of E^ around 7 is described by concatenation at the target with paths starting at 
e and drawn in simply-connected neighbourhoods of e. The fundamental group Tri{E,x) acts 
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on the left on Ex by concatenation at the source. More generaUy, a path from x to x' induces 
an isomorphism E^'. Here again, if X is simply-connected, we have a transitive system 

of isomorphisms between {Eri;)xex whose limit is a model Ex of the universal cover. Practically 
speaking, any path from any x £ X to any e £ E unambiguously represents a point in Ex (in 
the fiber over e). Moreover, Tri{E,X) acts on the left on Ex- 

1. Complex reflection groups, discriminants, braid groups 

Let be a vector space of finite dimension n. A reflection group in GL{V) is a subgroup W 
generated by (generalised) reflections, i.e., elements whose fixed subspace is a hyperplane. When 
the basefield of 1^ is C, we say that is a complex reflection group. We are only interested in 
finite reflection groups and will always assume finiteness, unless otherwise specified. 

Let W C GL(y) be a complex reflection group. A system of basic invariants for W is an n- 
tuple / = (/i, . . . , fn) of homogeneous generators of Oy^, the algebra of Vl^-invariant polynomial 
functions on V. A classical theorem of Shephard-Todd, [42], asserts that such tuples exist, and 
that they consist of algebraically independent terms. Set di := dcg/j; these numbers are the 
degrees of W. Up to reordering, we may assume that di < d2 < • • • < dn. The sequence 
{di, . . . ,dn) is then independent of the choice of /. 

Choosing a system of basic invariants / amounts to choosing a graded algebra isomorphism 
Oy^ — C [Xi , . . . , Xn] , fi ^ Xi , where the indeterminate Xi is declared homogeneous with degree 
di. Geometrically, this isomorphism identifies the categorical quotient with the affine space 

C". 

Further features of the invariant theory of complex reflection groups involve invariant vector 
fields and invariant differential forms on V. 

Theorem 1.1 ([36], Lemma 6.48). The -modules (Oy (g) V)^ and (Oy (g) V*)^ are free of 
rank n. 

If / = (/i)---)/n) is a system of basic invariants, df := {dfi, . . . ,dfn) is a Oy'-basis for 
(Oy (^V*)^. Being homo gcncous, the module (Oy V)^ admits an homogeneous basis. 

Definition 1.2. A system of basic derivations for W is an homogeneous Oy'-basis ^ = (^i , . . . , 
of (Oy ® V)^, with deg(ei) > deg(^2) > • • • > deg(C„). 

The sequence (d^, . . . , d* ) := (deg(^i), . . . , deg(^„)) is the sequence of codegrees of W (it does 
not depend on the choice of ^). 

Note that, as in [2], we label codegrees in decreasing order, which is slightly unusual. When 
is a complexified real refiection group, we have y ~ F* as Vl^-modules, thus (i| = dn-i+i — 2 
for all i. This relation is specific to the real situation and is not relevant here. 
The Euler vector field on V is invariant and of degree 0. Thus d* = 0. 

Invariant vector fields define vector fields on the quotient variety. Let / be a system of basic 
invariants and ^ be a system of basic derivations. For j G {1, . . . , n}, the vector field £,j defines 
a vector field on Since . . . , is a 0|f -basis of the module of polynomial vector 

fields on we have 

" d 

where the rUij are uniquely defined elements of Oy^. 

Definition 1.3. The discriminant matrix of W (with respect to / and ^) is M := {mij)ij. 
By weighted homogeneity, one has: 
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Lemma 1.4. For all wt(m.jj) = di + d*. 

The vector space V decomposes as a direct sum 0- Vi of irreducible representations of W. 
Denote by Wj the irreducible reflection group in GL(Vi) generated by (the restriction of) the 
reflections in W whose hyperplanes contain 0^-^^ Vj. We have ~ W^. Viewing W and the 
VFj's as reflection groups, i.e., groups endowed with a reflection representation, it is natural to 
actually write W = 0^ Wi. 

We denote by A the arrangement of W, i.e., the set of reflecting hyperplanes of reflections in 
W. We set 

yreg ._ y _ \J ^ 

HeA 

Denote by p the quotient map V W\V. Choose a basepoint vq G y^^s 

Definition 1.5 ([18]). The braid group of W is B{W) := 7ri{W\V'''=^ , p{vo)) . 

Later on, when working with well-generated reflection groups, we will slightly upgrade this 
definition, by replacing the basepoint by a convenient contractible subspace of (see 
Definition 6.3). 

To write explicit equations, one chooses a system of basic invariants /. The discriminant 
A(W,f ) G C[Xi, . . . ,Xn] is the reduced equation of pdJiJe^A-^)' identification Oy" ~ 

C[Xi, . . . ,Xn]- 

One easily sees that B(W) ~ rTi^(^i)- More generally, all objects studied here behave 
"semi-simply" , and we may restrict our attention to irreducible complex reflection groups. 

Since B{W) is the fundamental group of the complement of an algebraic hypersurface, it is 
generated by particular elements called generators-of-the-monodromy or meridiens (see, for ex- 
ample, [18] or [2]). They map to reflections under the natural epimorphism BiW) W . The di- 
agrams given in [18] symbolise presentations whose generators are generators-of-the-monodromy 
(except for the six exceptional types for which no presentation was known). 

Definition 1.6. The generators-of-the-monodromy of B{W) are called braid reflections. 

This terminology was suggested by Broue. It is actually tempting to simply call them reflec- 
tions: since they generate B{W), the braid group appears to be some sort of (infinite) "reflection 
group" . This guiding intuition is quite effective. 

Another natural feature of B{W) is the existence of a natural length function, which is the 
unique group morphim 

I : B{W) Z 

such that, for all braid reflection s G B{W), l{s) = 1. 

Consider the intersection lattice C{A) := {f^^^j^H\A C A}. Elements of C{A) are called 
flats. It is standard to endow C{A) with the rcvcrscd-inclusion partial ordering: 

VL, L' G C{A),L <L' -.^L^ L'. 

For L G C{A), we denote by L° the complement in L of the flats strictly included in L. 
The {L^)l£C{A) form a stratification S of V. We consider the partial ordering on S defined by 
L° < L'° -.^ L < V . This is a degeneracy relation: 

\/Lec{A),i^ =L= y S. 

ses,L'><s 

Since W acts on A, it acts on JO.{A) and we obtain a quotient stratification S of W\V called 
discriminant stratification. 



FINITE COMPLEX REFLECTION ARRANGEMENTS ARE K{-k, 1) 9 

Proposition 1.7 ([36], Corollary 6.114). Let v & V. The vectors iiiv) , . . . , £,n{v) span the 
tangent space to the stratum of S containing v. The vectors ^^(v), . . . , span the tangent 

space to the stratum of S containing v. 

Another chapter of the classical invariant theory of complex reflection groups is Springer's 
theory of regular elements: 

Definition 1.8. Let W C GL(y) be a complex reflection group. Let C be a complex root of 
unity. An element w &W is C, -regular if ker(u) — C) 1^ y'^'^s. ^ 0_ xhe eigenvalue C, is then said 
to a regular eigenvalue and its order d is a regular number. 

Note that, since W acts freely on F'^^s, a (^-regular element must have the same order as C- 
The regularity of C, only depends on its order d, since the fc-th power of a ^-regular element is 
(^*^-regular. 

The following theorem compiles some of the main features: 

Theorem 1.9. Let W C GLiV) an irreducible complex reflection group, with degrees di, . . . , dn 
and codegrees i • • • > • 

(1) Let d be a positive integer. Set 

A{d) := {i = 1, . . . ,n\ d\di} and B{d) := {i = 1, . . . ,n\ d\d*}. 

Then \A(d)\ < \B{d)\, and d is regular if and only if\A{d)\ = \B{d)\. 

(2) Let w be a (-regular element of order d. Let V := ker(ti; — Q. The centraliser W' := 
Cw{w), viewed in its natural represention in GL{V'), is a complex reflection group with degrees 
{di)i€A{d) and codegrees {d*)i^B{d)- 

(3) Let w be (-regular element of order d. Then W'\V' ~ {WXYy-^ and W^V""^^ ~ 
iyV\V'^'^^)^'^ (where the Hd-action is the quotient action of the scalar multiplication on V). 

Statement (2) was proved by Springer in his seminal paper [41]. Statement (3) was proved 
independently by Lehrer and Denef-Loeser. Statement (1) was initially observed by Lehrer- 
Springer on a case-by-case basis, a conceptual proof was recently given by Lehrer-Michel, [31]. 

Example 1.10. Let W := G37 = W{Es). It is a well-generated complex reflection group in 
GL8(C), whose degrees are 

2,8,12,14,18,20,24, 30. 

By duality, the codegrees are 

0,6,10,12,16,18,22,28. 

The integer 4 is regular. The centraliser W' is a complex reflection group of type G31. Its 
degrees are 

8,12,20,24, 

while the codegrees are 

0,12,16,28. 

It is not a duality group, and it is not well-generated (see next section). 

2. Well-generated complex reflection groups 

Irreducible complex reflection groups were classified fifty years ago by Shephard and Todd, 
[42]. There is an infinite family G{de, e, n), where d, e, n are positive integers, and 34 exceptions 
G4, . . . , G37. Let us distinguish three subclasses of complex reflection groups: 

• (complexified) real reflection groups, obtained by scalar extension from reflection groups 
of real vector spaces; 

• 2-reflection groups, generated by reflections of order 2; 
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• well-generated reflection groups, complex reflection groups W C GL{V) which can be 
generated by dime V/V^ reflections, where := {v G V\iw eW,wv = v}. 
Real reflection groups arc both 2-rcflection groups and well-generated. For non-real groups, any 
combination of the other two properties may hold. 

As far as the K{7r, 1) conjecture and properties of braid groups are concerned, it is enough to 
restrict one's attention to 2-reflection groups: 

Definition 2.1. Let W C GL(F) and W C GL(F') be complex reflection groups. We say that 
W and W' are isodiscriminantal if one may find systems of basic invariants / (resp. /') for W 
(resp. W) such that A{W, f) = A{W', /')• 

When this happens, WXY""^ ~ W'XV""'^ and B{W) ~ B{W'). 

Theorem 2.2. Any complex reflection group is isodiscriminantal to a complex 2-reflection group. 

Proof. This may be observed on the classification and was certainly known to experts. □ 

Remark 2.3. The recent work of Couwcnbcrg-Hcckman-Looijcnga, [22], can probably be adapted 
to provide a direct argument. Let us sketch how one may try to proceed. All references and 
notations are from [22]. Assume that W is not a 2-reflection group. For each H e A, let en be 
the order of the pointwisc stabiliser Wfj and set := 1 — ej^/2. Consider the Dunkl connection 
V with connection form '^ueA'^H "X" khtth, as in Example 2.5. Since eu > 2, we have hh < 0. 
In particular, kq = ^/nY^jj^j^nn < (Lemma 2.13) and we are in the situation of loc. cit. 
Section 5. In many cases, this suffices to conclude. The problem is that, even though at least 
some ch have to be > 2, it is possible that A contains several orbits, some of them with eu = 2. 
To handle this, one has to enlarge the "Schwarz symmetry group" of loc. cit., Section 4. 

The importance of the distinction between well-generated and "badly-generated" groups was 
first pointed out by Orlik-Solomon, who observed in [34] a coincidence with invariant-theoretical 
aspects. Their observations may be refined and completed as follows: 

Theorem 2.4. Let W he an irreducible complex reflection group. The following assertions are 
equivalent: 

(i) W is well-generated. 

(ii) For all i £ {1, ... , n}, di -\- d* = dn- 

(iii) For aZH G {1, . . . , n}, di-\- d* < dn- 

(iv) For any system, of basic invariants f , there exists a system of basic derivations ^ such that 
the discriminant matrix decomposes as M = Mq -\- XnMi, where Mq,Mi are matrices 
with coefficients in C[Xi, . . . , and Mi is lower triangular with non-zero scalars on 
the diagonal. 

(v) For any system of basic invariants f , we have ^ (^q^^P G (in other words, A(W, /), 
viewed as a polynomial in Xn with coefficients in C[Xi, . . . ,Xn-i], is monic of degree 
n). 

The matrix Mi from assertion (iv) is an analogue of the matrix J* from [39], p. 10. Assertion 
(iv) itself generalises the non-degeneracy argument for J*, which is an important piece of the 
construction of Saito's "flat structure" . 

Proof, (i) (ii) was observed in [34] inspecting the classification. We still have no good expla- 
nation. 

(ii) ^ (iii) is trivial. 

(iii) (v). Let h := dn- A first step is to observe that, under assumption (iii), /t is a regular 
number. Indeed, condition (iii) implies, for any i = l,...,n— 1, that < di < h and < d* < h, 
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thus that excactly one degree {dn) and one codegree (ti* ) are multiples of h, thus h is regular 
(Theorem 1.9 (1)). Since h is regular and divides only one degree, we may use [2], Lemma 1.6 
(ii) to obtain assertion (v): the discriminant is X„-monic, and by weighted- homogeneity it must 

be of degree n. 

(iii) =^ (iv) is a refinement of the previous discussion. Each entry rriij of the matrix M is 
weighted-homogeneous of weight + d*^ < dn + d\ = 2h ~ di < 2h; since X„ has weight h, 
degXn '^jj — 1- This explains the decomposition M = Mq + X„Mi, where Mq and Mi have 
coefficients in Oy- li i < j and < dj, then di + d'j < dj + d'j = h, thus degj^^^ rriij = 0. The 
matrix Mq is almost lower triangular, i.e., lower triangular except that there could be non-zero 
terms above the diagonal in square diagonal blocks corresponding to successive equal degrees 
(successive degrees may indeed be equal, as in the example of type L'4, where the degrees are 



Let io < jo such that di^ = dig+i = ■ ■ ■ = dj^ (looking at the classification, one may observe 
that this forces j = i + I; this observation is not used in the argument below). For all i,j G 
{iQ, . . . , jo}) we have di + dj = h. By weighted homogeneity, this implies that the corresponding 
square block of M\ consists of scalars. The basic derivations ^jo5---;Cio h.s:ve the same 
degrees, thus one is allowed to perform Gaussian elimination on the corresponding columns of 
M. Thus, up to replacing ^ by another system of basic derivations ^' , we may assume that Mi 
is lower triangular. 

The diagonal terms of Mi must be scalars, once again by weighted homogeneity. Assuming 

(iii), we already know that (v) holds. The determinant of M is A(X, /); (v) implies that the 
coefficient of is non-zero. This coefficient is the product of the diagonal terms of Mi. We 
have proved (iv). 

(iv) =^ (v) is trivial. 

(v) =J> (i) follows from the main result in [2]. □ 
The following notion was considered in [38] for real reflection groups. 

Definition 2.5. A system of basic derivations is flat (with respect to /) if the discriminant ma- 
trix may be written M = Mq + Xu Id, where Mq is a matrix with coefficients in C[Xi, . . . , Xn-i\. 

Corollary 2.6. Let W he a well-generated irreducible reflection group, together with a system 
of basic invariants f. There exists a flat system of basic derivations. 

Proof. Let ^ be any system of basic derivations. Write M = Mq + X„Mi, as in characterisation 
{iv) from the above theorem. The matrix Mi is invcrtiblc in GL„(C[Xi, . . . , X„_i]). The matrix 
Mj~^M = Mj~^Mo + Xnld represents a flat system of basic derivations (weighted homogeneity 
is preserved by the Gaussian elimination procedure). □ 

Contrary to what happens with real reflection groups, we may not use the identification 
V c^V* to obtain a "flat system of basic invariants" . 

Irreducible groups which are not well-generated may always be generated by dim -|- 1 reflec- 
tions. This fact has been observed long ago, by case-by-case inspection, but no general argument 
is known. In some sense, these badly-generated groups should be thought of as affine groups. 
The simplest example of a non-well-generated group is the group G(4, 2, 2), generated by 



Among high-dimensional exceptional complex reflection groups, only G31 is badly-generated (see 
Example 1.10). 



2,4,4,6). 
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2-rcflcction groups 


Other well-generated groups 


Real 


G(lA.n) (.4„_i) 


G'l, G«, Gi(j, G25, G;-j2 


scries 


G(2,l,n) 


l,n), G5, Gio, G18, G26 


Real/complex 
series 


G{e,e,n) (contains and -f2(e)) 


G^Gj G^Q) ^^14, Gi7, G20, G21 


Real 

exceptions 


G23 {H3), G28 {F4), G30 (F4) 
G35 (Eq), G36 (-E'7), G37 (E'g) 




Complex 
exceptions 


G24, G27, G29, G33, G34 




Table 1. Irreducible well-generated comp 


ex reflection groups. 



In the sequel, several arguments are case-by-case. The list of irreducible well-generated com- 
plex reflection groups is given in Table 1. The actual number of cases to consider depends on 

the type of result: 

• Thanks to Theorem 2.2, for any statement about W\V^^^ and its topology, one may 
restrict one's attention to groups generated by involutive reflections, which are listed in 
the first column of the table. 

• Some results involve the actual structure of W (e.g.. Proposition 7.5), and groups with 
higher order reflections have to be considered. These cases are listed in the second column 
of the table, on the same line as the corresponding 2-reflection groups (see Theorem 2.2). 

Lemma 2.7. Let W C GL{V) be a well-generated complex reflection group. Let v Let 

V, := fl H, 
HeA, veH 

Wy := {w G = v}. 

Then Wy may he generated by dime V/Vy reflections. In particular, Wy is again a well-generated 

complex reflection group. 

Proof. The fact that Wy is again a complex reflection group is a classical theorem due to Stein- 
berg. The fact that Wy is again well-generated is easy to check on the classification (it follows 
for example from Broue-Malle-Rouquier's observation that their diagrams in [18] provide gener- 
ating systems for representatives of all conjugacy classes of Wy; when W is real, no case- by-case 
is needed, since Wy is again real thus well-generated). □ 

3. Symmetric groups, configurations spaces and classical braid groups 

This section introduces some basic terminology and notations. Everything here is classical 
and elementary. 

Let ra be a positive integer. The symmetric group may be viewed as reflection group, 
acting on C" by permuting the canonical basis. This representation is not irreducible. Let H 
be the hyperplane of equation Yll=i -^i (where Xi, . . . , Xn is the dual canonical basis of C"). It 
is preserved by ©„, which acts on it as an irreducible complex reflection group. 

We have C[Xi, . . . , = C[cri, . . . , cr„] and O^" = C[c7i, . . . , cr„]/(Ti, where ai, . . . , (T„ are 

the elementary symmetric functions on X\, . . . ,Xn. Set E'^ := 6„\C" = SpecC[(Ti, . . . , C7„] and 
En := &n\H = SpecC[(Ti, . . . ,(T„]/(7i. These spaces have more convenient descriptions in terms 
of multisets. 

Recall that a multiset is a set S (the support of the multiset) together with a map m : 5 — *■ Z>i 
(the multiplicity). The cardinal of such a multiset is J2ses''^i^) ^^^^ Z>oU{oo}). If {S,m) 
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and {S',m') are two multisets and if S,S' are subsets of a common ambient set, then we may 
define a multiset ( disjoint) union {S, m)Li{S' ,m'), whose support is SUS' and whose multiphcity 
is m + m' (where m, resp. m' , is extended by outside S, resp S'). If (si, . . . , s„) is a sequence 
of elements of a given set S, we use the notation {si, . . . , s„} (with brackets in bold font) to refer 
to the multiset Ur=i({^«}' 1)' ^he multiset consisting of the Sj's "taken with multiplicities". 

Let (xi, . . . , Xn) G C". The associated ©n-orbit is uniquely determined by {xi, . . . , Xn}- This 
identifies E'^^ with the set of multisets of cardinal n with support in C (such multisets are called 
configurations of n points in C). The subvariety E^, defined by ai = 0, consists of centered 
configurations, i.e., configurations {xi,...,x„} satisfying Y17=i^i ~ ^- '^^^ natural inclusion 
Eji C E'^ admits the retraction p defined by 

n n 

p{{xi, Xn}) := {xi - ^ Xj/n, . . . , x„ - ^ x^/n}. 

i=i 1=1 

Algebraically, this corresponds to the identification of C[cri, . . . ,cr„]/cri with C[a2, ■ ■ ■ ,cr„]. 

We find it convenient to use configurations in E'^ to represent elements of En, implicitly work- 
ing through p. E.g., in the proof of Proposition 9.3, it makes sense to describe a deformation 
retraction of a subspace of En to a point in terms of arbitrary configurations because the con- 
struction, which only implies the relative values of the Xj's, is compatible with p. We adopt this 
viewpoint from now on, without further justifications (compatibility will always be obvious). 

Consider the lexicographic total ordering of C: if z, z' G C, we set 

^ / _ f re(z) < re(z') or 

~ ' [re(z) = re(z') and im(z) < im(z'). 

Definition 3.1. The ordered support of an element of En is the unique sequence (xi, . . . ,Xk) 
such that the set {xi, . . . , Xk} is the support and xi < X2 < • • • < Xfc. 

We may uniquely represent an element of En by its ordered support (xi,...,Xfc) and the 
sequence (ni, . . . , n^) of multiplicities at xi, . . . , x^. 

The regular orbit space Ell^^ := &n\H'^^^ consists of those multisets whose support has cardi- 
nal n (or, equivalently, whose multiplicity is constantly equal to 1). More generally, the strata of 
the discriminant stratification of En are indexed by partitions of n: the stratum S\ associated 
with a partition A = (Ai, A2, • • • , A^), where the Aj's are integers with Ai > A2 > • • • > A^ > and 
Sj=i — "-5 consists of configurations whose supports have cardinal k and whose multiplicity 
functions take the values Ai , . . . , A^ (with multiplicities) . 

The braid group Bn associated with 6„ is the usual braid group on n strings. We need to be 
more precise about our choice of basepoint. For this purpose, we define 

n 

as the subset of En^ consisting of configurations of n points with distinct real parts (this is the 
first in a series of definitions of semi-algebraic nature). It is clear that: 

Lemma 3.2. is contractible. 

Using our topological conventions, we set 

Bn:=ME^,^^Er)- 

This group admits a standard generating set (the one considered by Artin) , consisting of braid 
reflections <Ti, . . . ,<t„_i defined as follows (we used bold fonts to avoid confusion with the ele- 
mentary symmetric functions). Let (xi, . . . , x„) be the ordered support of a point in En^'^. Then 
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CTj is represented by the following motion of the support: 




Artin's presentation for 5„ is 

Bn = (O'l, ■ ■ ■ , fn-l IfjO-i+lfj = CT i+l^'iCT i+1 , CTiO' j = (TjCTi H \i — j\ > 1) . 

The following definition requires a compatibility condition which is a classical elementary con- 
sequence of the above presentation. 

Definition 3.3. Let G be a group. The (right) Huvwitz action of on is defined by 

(51) ■ ■ ■ ,9i-l,9i->9i+li9i+2, ■ ■ ■ ,9n) ■ '■= (^l) ■ ■ ■ ^ 9i-l-, 9i+l-, 9i^i9i9i+li 9i+2-, ■ ■ ■ ,9n), 

for all (^1 , . . . , gn) G and all i G {1, . . . , n — 1}. 

This action preserves the fibers of the product map G" G, {gi, . . . , gn) ^ gi ■ ■ ■ gn- 

4. Affine Van Kampen method 

This sections contains some generalities about Zariski-Van Kampen techniques. Let P G 
C[Xi, .... X„] be a reduced polynomial. What we have in mind is that P is the discriminant of 
a complex reflection group, but it does not cost more to work in a general context. Let 7i be 
the hypersurface of defined by P = 0. Van Kampen's method is a strategy for computing a 
presentation of 

7ri(C"-W). 

We assume that P actually involves Xn and write 

P = aoXn + aiXn^^ + a2Xn~'^ + • • • + ad, 

where d is a positive integer (the degree in Xn) and ao, . . . G C[Xi, . . . , Xn-i]-, with uq ^ 0. 
We say that P is Xn-monic if ctg is a scalar; when one is only interested in the hypersurface 
defined by P, it is convenient to then renormalise P to have ao = 1. We denote by Discx„(P) 
the discriminant of P with respect to Xn, i.e., the resultant of P and 

This discriminant is a non-zero element of C[Xi, . . . , and defines an hypersurface /C in 

Y := SpecC[Xi, . . . ,Xn-i] — C"^-*^. Let p be the natural projection SpecC[Xi, . . . Y. 

Definition 4.1. The bifurcation locus of P (with respect to the projection p) is the algebraic 
hypersurface /C C y defined by the equation Discx„ {P) = 0. 

Definition 4.2. A point y gY is said to be generic if it is not in /C; a generic line of direction 
Xn is the fiber Ly of p over a generic point y EY. 

We represent points of C" by pairs {x, y) where x is the value of the Xn coordinate and y is 
the image of the point under p. Let E := p~^{Y — /C) PI (C" — Ti). The projection p restricts 
to a locally trivial fibration E ^ Y — IC, whose fibers are complex lines with d points removed. 
Choose a basepoint {x,y) G E, let F be the fiber containing {x,y). 

The following basic lemma was brought to my attention by Deligne and should certainly have 
been included in my earlier paper [2]. 

Lemma 4.3. If P is Xn-monic, the fibration p : E ^Y — K is split. 

Proof. Assume ao = 1. Consider <j) : Y ^ <C,y 1 + Yl'i=i Wi{y)\- Then the map Y — K. ^ 
E,y^ {(t>{y),y) is a splitting. □ 
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As a consequence, the fibration long exact sequence breaks into split short exact sequences. 
Consider the commutative diagram: 

1 7ri(F, (x, y)) ^ 7ri(E, (x, y)) > 7r,{Y - IC,y) 1 




7ri(C"-7^,(x,y)). 

whose first line is a split exact sequence (the end of the fibration exact sequence) and (3 comes 
from the inclusion of spaces. 

We are in the context of [2, Theorem 2.5], from which we conclude that a is surjective. We 

can actually be more precise and write a presentation for 7ri(C" — TC, {x,y)). The semi-direct 
structure of tti{E, {x,y)) defines a morphism $ : iti{Y — IC,y) Aut(7ri(F, {x,y))). 

Theorem 4.4 (Van Kampen presentation). Let /i,...,/d be generators of Tri{F, (x,y)) ~ Fd- 
Let 

9i^---i9m be generators of tti{Y — IC,y) with associated automorphisms 4>j :— ^[gj). We 
have 

7ri(C"-W,(x,y))~(/i,...,/d|/i = </.,(/i), l<i<d, l<j<m). 

Proof. Using the semi-direct product structure, we have the presentation 

TTi{E, {x,y)) ~ (/i,. . .,fd,gi,...,gm \9jfi = 4>j{fi)9j, I < i < d, I < j < m) . 

One concludes by observing that gi, - ■ ■ ,g,n maj^ be chosen to be meridiens ( "generators-of-the- 
monodromy") around the irreducible components of j3^^(/C): by [2, Lemma 2.1.(ii)], ker/J is 
generated as a normal subgroup by those meridiens. □ 

Corollary 4.5 (Explicit Zariski 2-plane section) . Let P be a reduced polynomial in C [Xi , X„] . 

Let ai, . . . , o„„_2 £ C. Assume that: 

(i) P is Xn-monic, 

(ii) the coefficients o/Discx„(-P) viewed as polynomial with variable Xn-\ and coefficients 
in C[Xi, . . . ,Xn-2\ are altogether coprime (this in particular holds when Discx„(-P) is 
Xn-i-monic) , 

(iii) Discx„_i(Discx„(-P))(ai, • • • ,an-2) / 0. 

Let H be the hypersurface of with equation P = 0, let 11 be the affine 2-plane in defined 
by Xi = ai, . . . , Xn-2 = Then the map H fl (C" — H)'-^C'^ — H is a iT\-isomorphism. 

Proof. Consider the affinc line pijl) C Y . Condition (iii) expresses that p(n) is a generic line of 
direction X„_i in Y and, under condition (ii), [2, Theorem 2.5], the injection pijl) r\(Y — ]C) ^ 
Y — IC is TTi-surjective. In particular, in Theorem 4.4, we can choose loops drawn in II n i? to 
represent the lifted generators of 7ri(y — /C). □ 

Combined with our earlier work with Jean Michel, this corollary suffices to prove Theorem 
0.6, since the 2-plane sections described in [8] satisfy conditions (i)-(iii). Presentations for 
7ri(n n (C" — 7i)) were obtained in [8], using our software package VKCURVE. At this stage. 
Theorem 0.6 relies on brutal computations. The sequel will provide a much more satisfying 
approach. 

5. Lyashko-Looijenga coverings 

Let W be an irreducible well-generated complex reflection group, together with a system of 
basic invariants / and a fiat system of basic derivations ^ with discriminant matrix Mq -|- X„ Id. 
Expanding the determinant, we observe that 

Af = det(Mo + Xn Id) =Xll-\- a^X^''^ + a^X^''^ + •••+«„, 
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where ai G C[Xi, . . . , Xn-i]- Since Aj is weighted homogeneous of total weight nh for the 
system of weights wt{Xi) = di, each is weighted homegeneous of weight ih. 

Definition 5.1. The (generahsed) Lyashko-Looijenga morphism is the morphism LL from Y = 
SpecC[Xi, . . . , X„_i] to En 2± SpecC[cr2, . . . , an] defined by i— (— l)*Q;j. 

This is of course much better understood in the fohowing geometric terms. Let v e V. The 
orbit V G W\V is represented by a pair 

(x,y)GCxy, 

where x = fn{v) and y is the point in Y with coordinates {fi{v), . . . , fn^i{v)). This coding of 
points in W\V will be used throughout this article. As in the previous section, we study the 
space W\V ~ C x y according to the fibers of the the projection p : W\V — > Y, {x, y) ^ y. 

Definition 5.2. For any point y in Y, we denote by Ly the fiber of the projection p : W\V — Y 
over y. 

For any y E Y, the afHne line Ly intersects the discriminant 7^ in n points (counted with 
multiplicities), whose coordinates are 

{xi,y),...,{xn,y), 

where {xi, . . . , x„} is the multiset of solutions in Xn of = where each ccj has been replaced 
by its value at y. We have 

LL{y) = {xi, . . .,Xn}. 

The bifurcation locus K. CY (see previous section) corresponds precisely to those y such that 
LL{y) contains multiple points. 

The main theorem of this section generalises earlier results from [32] : 

Theorem 5.3. The polynomials a2, . . . ,an G C[Xi, . . . , are algebraically independent and 
C[Xi, . . . , Xn-i] is a free graded C[a2, ■ ■ ■ , an\-module of rank nlh^/lWl. As a consequence, LL 
is a finite morphism. It restricts to an unramified covering y — /C -» of degree n\h^ /\W\. 

I thank Eduard Looijenga for precious help with the theorem. A prior version of this text 
contained a gap (the key Lemma 5.5) and the very nice argument below is due to him. 

Lemma 5.4. Let v with image v G W\V. Let 

V, := fl H. 

HeA, veH 

The multiplicity ofH atv is dime V/Vy . 

Proof. M V = the multiplicity is the valuation of A/, which is indeed n. 

When f 7^ 0, we consider the parabolic subgroup := {w G W|it;f = w}. By Lemma 
2.7, Wv is again a well-generated complex reflection group. The quotient map ^j^^j^H -» 
^ = W\{[]HeAH) factors through U//e.4 ^ ^ W^MUh&a^)- Because WAdJ^e^^) ^ 
^\(U_f/e^ i/) is unramified over v, the multiplicity of W at U coincides with the multiplicity of 
\(U_f/e.4 ^) a^ image v of v. Around v, W^u\(U_f/e^ ^) ^® same as W'„\(|Jj|^g_4 ^^^j H). 
This hypersurface is a direct product of Vy with the discriminant of W^. The multiplicity at 
V is the multiplicity at the origin of the discriminant of Wy. After reduction to the irreducible 
case, we apply the already solved case: the multiplicity is the rank of or, in other words, 
dimcF/K- □ 



Lemma 5.5. LL-^(O) = {0} 
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Proof. Let C be the tangent cone to in C" ~ C x Y . It is a closed subvariety of the tangent 
bundle to C". Because H is quasi-homogeneous and Vi G {!,... ,n — 1}, wt(X„) > wt(Xj), the 
cone C is "horizontal" at 0. In particular, the (fibre over of the tangent cone to the) "vertical" 
line Lq of equation Xi = ■ ■ ■ = Xn~i = is not in C. 

Let y = {xi, . . . ,Xn-i) G LL~^{0), i.e., such that the line Ly with Xi = xi, . . . ,Xn-i = Xn-i 
intersects H in only one point, (0, y) £ C x Y. We want to prove that y = 0. Because H is 
quasi- homogeneous, it is enough to work in a neighborhood of the origin. In particular, we may 
assume that y is close enough to for Ly to still be outside C. Using a refined Bezout theorem 
([29, Corollary 12.4]), we have 

i{iO,y),Ly.n;C'') = m^o,y)in) 

where 

• i((0, y), Ly.TC] C") is the intersection multiplicity of H and Ly at (0, y). This is the order 
of as a root of the polynomial Aj|xi=xi,...,x„_i=x„_i • By assumption, this is n. 

• Tn^Q^y-^iJ-L) is the multiplicity oiTi at (0, y). Let f be a preimage of (0, y) in V . By Lemma 
5.4, m(o,y)(W) = dimcV/K. 

Thus dime V/V^ = n,V^ = Q,W^ = W and i; = 0. □ 

Because LL is quasi-homogeneous, Lemma 5.5 implies that LL is a finite (= quasi-finite and 
proper) morphism, or, in other words, that C[Xi, . . . is a finite graded C[a2, • • • ,Q;„]- 

module. In particular, Q2, . . . , ctn are algebraically independent. 

Because C[Xi, . . . , is Cohen-Macaulay and is finite over C[a2, • • • , "n], it is a free 

C[a2, . . . , anl^modiilc. The rank may be computed by comparing Hilbert scries. Since each 
Xi has weight dj, the Hilbert series of C[Xi, . . . is 0^=1 T^t^- Since each aj has weight 

ih, the Hilbert series of C [02, ... , On] is 11^=2 T^W" '^^^ rank is 

M di ~ di...dn-l ~ Wl' 

1=1 

Theorem 5.3 now follows from the following generalisation of [32, Theorem 1.4]: 
Lemma 5.6. LL is etale onY — fC. 

Proof. As mentioned in [32, (1.5)], the result will follow if we prove that for all y e Y — K. 
with LL{y) = {xi, . . . the hyperplanes Hi, . . . ,Hn tangent to Ti. at the n distinct points 

{xi,y), . . . , {xn, y) are in general position. 

To prove this, we use Proposition 1.7. Each Hi is spanned by ^i(xi, y), . . . , ^„(xi, y). Let 
(£i,...,e„) be the basis of {W\V)* dual to (g^j ■ ■ ■ j g^)- Let li = ^j,i£j be a non- 
zero vector in {W\V)* orthogonal to H^. This amounts to taking a non-zero column vector 
{Xj,i)j=i,...,n in the kernel of M{xi,y), or equivalently an eigenvector of Mo(y) associated to the 
eigenvalue — Xj. By assumption, the Xi are distinct. The eigenvectors are linearly independent. 

□ 

The theorem has the following corollary (which we won't use). 

Corollary 5.7. The space Y — K is a K{tt, 1). 

For the sake of clarity, let us also mention: 

Corollary 5.8. Let v ^V. Denote by {x,y) G C x y (identified with W\V ) the image of v. 
The following integers coincide: 

(i) The multiplicity of x in LL{y). 
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(ii) The intersection multiplicity of Ly with 7i at {x,y). 

(iii) The multiplicity ofH at {x,y). 

(iv) The rank dime V/Vy of the parabolic subgroup . 

Proof. The integer defined by (i) and (ii) are the same by their very definition. The identity 
between (iii) and (iv) is Lemma 5.4. The argument used to prove Lemma 5.5 also shows the 
identity between (ii) and (iii). □ 

The discriminant stratification of yields a natural stratification of Y: when A is a partition 
of n, the stratum Yx consists of points y such that the multiplicities of LL{y) are distributed 
according to A. Applying the corollary, one sees that the stratification Y = jJA^n-^^ 
"shadow" of the discriminant stratification restricted to H. 

6. Tunnels, labels and Hurwitz rule 

Let W be an irreducible well-generated complex reflection group. We keep the notations from 
the previous section. Let y £ Y. Let Uy be the complement in Ly of the vertical imaginary 
half-lines below the points of LL{y), or in more formal terms: 

Uy := {{z,y) G Ly\yx G LL{y),rc{z) = ic{x) =^ im(z) > im(x)}. 

Here is an example where the support of LL{y) consists of 4 points, and Uy is the complement 
of three half-lines: 



1 



"Generically" , Uy is the complement of n vertical half-lines. We have to be careful about 
what "generically" means here: a prerequisite is that LL{y) should consist of n distinct points, 
which amounts to y G F — /C or equivalently 

LL{y) G 

but this is not enough: one needs these points to be on distinct vertical lines, or equivalently 
that 

LL{y) G 

Definition 6.1. We set ysen LL-^iEf"). 

This space, being the "fiber" of the covering LL over the "basepoint" of the basespace E^n^, 
is equipped with a Galois action of := 'Ki{EIi^ ,E^"). 
Let 

W := U Uy. 

Lemma 6.2. The subspace U is dense in open and contractible. 

Proof. The first two statements are clear. 
Define a continuous function /? : y ^ R by 

I3{y) := max{im(a;)|a; G LL{y)} + 1. 

Points of W\V are represented by pairs (x, y) G C x y, or equivalently by triples (a, 5, y) G 
R X R X y, where a = re{x) and b = im(x). For t G [0, 1], define (f)t : W\V W\V by 

(a, 6,2/) iib>P{y), 
{a,b + t{(5{y)-b),y) iib<(5{y). 



4>t{a,b,y) :-- 
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Each (j)t preserves lA and the homotopy (j) restricts to a deformation retraction of lA to 

\J{{x,y)eLy\mi{x)>l5{y)}. 
yeY 

The latter is a locally trivial bundle over the contractible space Y, with contractible fibers (the 
fibers are half-planes). Thus it is contractible. □ 

As explained in the topological preliminaries, we may (and will) use U as "basepoint" for 
W\V^^^ and refine our definition of B{W): 

Definition 6.3. The braid group ofW is B{W) := Tri{W\V'''s ,U) . 

As for other notions actually depending on W, we often write B instead of B{W), since most 
of the time we implicitly refer to a given W. 

Remark 6.4. We will need to consider a natural projection tt : S — ^ W. Recall that such a 
morphism is part of the fibration exact sequence 

1 ^Tri{V'^^) ^Tri{W\V'''s)^^W ^1. 

For this exact sequence to be well-defined, one has to make consistent choices of basepoints in 
and in WXV^^^. We have already described our "basepoint" U in W\V'^^^. Choose u & U 
and choose a preimage « of « in y^s. Ifu' eU is another choice and if 7 is a path in U from u to 
u', 7 lifts to a unique path 7 starting at u; since U is contractible, the fixed-endpoint homotopy 
class of 7 (and, in particular, its final point) does not depend on 7. In other words, once we 
have chosen a preimage of one point oi U, we have a natural section U of U in V^^^, as well 
as a transitive system of isomorphisms between {t^i{V'^'^^,u))^^jj. Prom now on, we assume we 
have made such a choice, and we define the pure braid group as tti{V^^^,U). This selects one 
particular morphism tt (the \W\ possible choices yield conjugate morphisms). 

Definition 6.5. A semitunnel is a triple T = {y, z, L) £ Y x C x M>o such that {z, y) GU and 
the affine segment [{z, y), (z + L, y)] lies in W\V^^^. The path 77^ associated with T is the path 
1 1— > (z + tL, y). The semitunnel T is a tunnel if in addition (z + L,y) G U. 



1 
1 


Uy 

1 


1 




\ I 





The distinction between tunnels and semitunnels should be understood in light of our topo- 
logical conventions: if T is a tunnel, 77^ represents an element 

br eTri{W\V'''^,U), 

while semitunnels will be used to represent points of the universal cover {W\V'^^s)u (see Section 
10). 

Definition 6.6. An element 6 £ 5 is simple if 6 = 6r for some tunnel T. The set of simple 

elements in B is denoted by S. 

Each tunnel lives in a given Ly, where it may be represented by an horizontal (= constant 
imaginery part) segment avoiding LL(y) and with endpoints in Uy. The triple {y,z,L) may be 
uniquely recovered from [{z, y),{z + L, y)]. A frequent abuse of terminology will consist of using 
the term tunnel (or semitunnel) to designate either the triple (y, z, L), or the segment [{z, y), {z+ 
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L, y)], or the pair (y, [z, z+L]), depending on the context (in particular, when intersecting tunnels 
with geometric objects, the tunnels should be understood as afHne segments). 

Let y £Y . Let (xi, . . . , x^) be the ordered support of LL{y). The sp&ce Px{{LynW\y^^^)—Uy) 
is an union of k disjoint open affine intervals Ii, . . . ,Ik, where 



(by {xi — ^y—loo, Xi), we mean the open vertical half-line below Xi). In the first case (when /j 
is not bounded), we say that Xi is deep. In the picture below, there are three deep points, xi, 
X3 and X4. 



Choose a system of elementary tunnels for y. By this, we mean the choice, for each i = 
1, . . . ,k, of a small tunnel T-i in Ly crossing 7j and not crossing the other intervals; let Si := 
be the associated element of B. 



These elements depend only on y and not on the explicit choice of elementary tunnels. 

Definition 6.7. The sequence lhl{y) := (si,...,Sfc) is the label of y. Let 11,12, ■■ -,11 be the 
indices of the successive deep points of LL{y) . The deep label of y is the subsequence {si^ , . . . , Sj; ) . 

In the above example, the deep label is (si, 83,34). The length of the label is n if and only if 

y G Y — IC. In this case, the deep label coincides with the label if and only if y € Y^^^. 

Later on, it will appear that the pair {LL{y),lbl{y)) uniquely determines y (Theorem 7.9). 

Remark 6.8. When y is generic, lbl{y) is an n-tuple of braid reflections (because an elementary 
tunnel crossing the interval below a point in LL{y) is essentially the same as a small circle 
around this point; when y is generic, the points in LL{y) correspond to smooth points of the 
discriminant, and the elementary tunnels represent generators of the monodromy). 

Consider the case y = (given by the equations Xi =0,. . . ,Xn-i = 0). The multiset LL{y) 
has support {0} with multiplicity n. 

Definition 6.9. We denote by S the simple element such that lbl{0) = (6). 

This element plays the role of Deligne's element A. Choose v G V^^^ such that the VF-orbit 
V lies in Lq. Broue-Malle-Rouquier consider the element (denoted by tt, [18, Notation 2.3]) in 
the pure braid group P{W) represented by the loop 




00, Xi) if i = 1 or (i > 1 and re(xj_i) < re(xj)), 
Xi) otherwise. 






[0,1] 



reg 



t 




We prefer a different notation: 



Definition 6.10. We call full-twist this element of P{W), and denote it by r. 
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They observe that this element hes in the centre of B ([18, Theorem 2.24]) and conjecture 
that it generates the center of P. 

Since X„ has weight /i, 5^ coincides with r. More precisely, 5 is represented by the loop which 
is the image in W\V'^'^^ of the path in V^^^ 

[0,1] V'^^ 

t I — > i;exp(2-\/^7ri//i) 

In particular: 

Lemma 6.11. The element t = 5^ is central in B(W) and lies in P{W). The image of 5 in 
W is (^h-i^^gular, in the sense of Springer (see Definition 1.8). 

Remark 6.12. The centre of is a cychc group of order gcd(c/i, . . . , dn). The above argument 
can be applied to show that 6^ e ZB{W), where h' := ^^^(^^^ — Later on (Section 12), we 

will show that ZB{W) = (6^'^ 



Each tunnel lives in a single fiber Ly. Let us now explain how simple elements represented 
by tunnels living in different fibers may be compared. The idea is that, since being a tunnel is 
an open condition, one may perturb y without affecting the simple clement: 

Definition 6.13. Let T = (y,z,L) be a tunnel. A T -neighbourhood of y is a path-connected 
neighbourhood of y in y such that, for all y' G fi, T' := (j/', z, L) is a tunnel. 

Such neighbourhoods clearly exist for all y gY. 

Lemma 6.14 (Hurwitz rule). Let T = (y,z,L) be a tunnel, representing a simple element s. 
Let Q be a T -neighbourhood of y. For all y' G VL, T' := {y',z,L) represents s. 

Proof. This simply expresses that the tunnels {y',z,L) and {y,z,L) represent homotopic paths, 
which is clear by definition of fi. □ 

Remark 6.15. Let Ti,...,Tk is a system of elementary tunnels for y. Let be a Tj- 
neighbourhood for y. A standard neighbourhood of y could be defined as a path-connected 
neighbourhood J7 of y inside nf^iQi. These standard neighbourhoods form a basis for the topol- 
ogy of y. A consequence of Hurwitz rule is that the label of y may uniquely be recovered once 
we know the label of a single y' G Q. The converse is not true, unless y G Y — IC. Let y' G Q, 
let S and 5" be the strata of LL{y) and LL{y') (with respect to the discriminant stratification 
of En). We have S' < S. The label of y' is uniquely determined by the label of y if and only if 
S = S' . Otherwise, the ambiguity is caused by the extra ramification at y. 

The remainder of this section consists of various consequences of Hurwitz rule. 

Corollary 6.16. Let y gY. Let {xi, . . . ,Xk) be the ordered support of LL{y), and (ni, . . . ,nk) 
be the multiplicities. For any i, the canonical length of Si is given by 

i{si) = 

j s.t. Te{xi)=re{xj) and im(a;j)<im(a;j) 

Proof. The case y G Y^"^^ is a consequence of Remark 6.8. The general case follows by perturbing 
and applying Hurwitz rule. □ 

Corollary 6.17. Let y gY. Let (s^^, . . . , s^J be the deep label of y. We have Sj^ . . . s^ = S. 
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Proof. Any tunnel T deep enough and long enough represents Sj^ 



S1S3S4 



The origin G y lies in a T-neighbourhood of y. To conclude, apply Hurwitz rule. □ 

Corollary 6.18. Letxe Ef"". Let P e Tri{En^,x), y G LL-'^{x) andy' := y(5. Let (61, . . . 
he the label of y and {h'l, ... ,6^) he the label of y' . Then 

{b[,...,b'J = {h,...,bn)-P, 

where (3 acts by right Hurwitz action. 

Proof. It is enough to prove this for a standard generator cTj. Let {xi, . . . ,Xn) be the ordered 
support of X. By Hurwitz rule, we may adjust the imaginary parts of the Xj's without affecting 
the label; in particular we may assume that im(xi) < im(a;i+i). We may find tunnels T- = 
{y, z-,L) and r+ = {y, z+, L) as in the picture below: 



■< < 








^ 









The path in En^ where Xj+i moves along the dotted arrow and all other points are fixed 
represents cri. Applying Hurwitz rule to r+, we obtain 6^ = 6^+1; applying Hurwitz rule to r_, 
we obtain 6^6^+1 = ^i^i+i- The result follows. □ 

Corollary 6.19. Let y G ys*^". The cardinal of the Hurwitz orbit lbl{y)-Bn is at most n\h"'/\W\, 

and there is an equivalence between: 

(i) \lbliy)-Bn\ = n\h^/\W\. 

(ii) The orbits y ■ and lbl{y) ■ Bn are isomorphic as Bn-sets. 

(iii) The map Y^^^ En x B"',y t-^ {LL{y),lbl{y)) is injective. 

In the next section, we will prove that conditions (i)-(iii) actually hold. This is not a trivial 
statement. 

Proof. Let G be a group and Q,^}' be two G-sets, together with a G-set morphism p : Q ^ Q' . 
Assume that Q,' is transitive. Then p is surjective. Assume in addition that is finite. Then Q,' 
is finite, < and 

= 44^ /9 is injective 44> p is an isomorphism. 

By the previous corollary, one has lbl{y ■ /3) = lbl{y) ■ j3. In other words, the map Ibl extends 
to a Bn-set morphism y ■ Bn ^ lbl{y) ■ Bn- We apply our discussion to G := S„, := y ■ Bn and 
Q' := lbl{y) ■ B^. Both i?„-scts arc clearly transitive. Since y G Y — K., wc have \LL~^{LL{y))\ = 
\y ■ Bn\ = nW/\W\ (Theorem 5.3). Wc deduce that \lbl{y) ■ 5„| < nW/\W\ and (i) ^ (ii). 

Assertion (iii) amounts to saying that, for all y G Y^^^, Ibl is injective on the fiber of LL 
containing y. This fiber is precisely the orbit y ■ Bn. Under this rephrasing, it is clear that 
(ii) <^ (iii). □ 

Corollary 6.20. Let s be a simple element. There exists y G y^en z G {1, . . . ,n} such that 
s = si . . . Si, where (si, . . . , Sn) '■= lbl{y). 
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Proof. Let T be a tunnel representing s. Any T-neighbourhood of y contains generic points. Up 
to perturbing y, we may assume that y G ysen fpj^g picture below explains, on an example, how 
to move certain points (following the dotted paths) of the underlying configuration to reach a 
suitable y': 





I 


1 








■I- 


••••>• 



This path in En^ lifts, via LL, to a path in a T-neighbourhood of y whose final point y' satisfies 
the conditions of the lemma. □ 

7. Reduced decompositions of Coxeter elements 

Definition 7.1. Let W be an irreducible well-generated complex reflection group. An element 
c G W is a (generalised) Coxeter element if it is Cfe-regular. More generally, if is a well- 
generated complex reflection group decomposed as a sum W = 0,^ Wi of irreducible groups, a 
Coxeter clement in W is a product c = Ci of Coxeter elements in each Wi . 

When W is irreducible, we may use the constructions from the previous section and the 
morphism vr : B{W) ^ W to obtain typical Coxeter elements (sec Definition 6.9): 

Lemma 7.2. When W is irreducible, the element c := 7r(5) is a Coxeter element in W . 

Proof. It is a rephrasing of Lemma 6.11. □ 

The other Coxeter elements, which are conjugates of c, appear when considering other base- 
points over U (see Remark 6.4). 
More generally, we have: 

Lemma 7.3. Let y eY. Let {xi, . . . ,Xk) be the ordered support of LL{y), let (rai, . . . , tt,^) be 
the multiplicities. Assume that rc(.Ti) < • • • < rc(xfe). Let (si, . . . , Sk) ■= lbl{y). 

For all i, set Ci := 7r(sj). Then there exists a preimage Vi & V of {xi, y) G C x y ~ W\V such 
that Ci is a Coxeter element in the parabolic subgroup Wy^ . 

In particular, if Ui = 1, then Ci is a reflection. 

Proof. When Ui = n (thus i = k = 1), the result is Lemma 7.2. 

When nj = 1, as pointed out in Remark 6.8, the element Sj is represented by a small loop 
around a smooth point in the discriminant, thus is a braid reflection, and maps to a reflection 
in W. 

The general case is similar: locally near {xi,y), the discriminant is a direct product of Vv^ 
with the discriminant of W^. (see the proof of Lemma 5.4). This local structure provides a 
specific morphism B{Wy^) B{W), such that the element "(5i" in B{WyJ (the product of the 
(5's associated with each irreducible components of W„.) maps to Sj. The lemma follows. □ 

The assumption rc(.xi) < • • • < ice{xk) may be removed at the cost of replacing 7r(si) by 
7r(.Si-i)"-^vr(Si) when rc(a;i_i) = re(a:j). 

Let R be the set of all reflections in W. As in [3], for all w G W, we denote by Redji{w) 
the set of reduced R- decompositions of w, i.e., minimal length sequences of elements of R with 
product w. Since R is closed under conjugacy, Redi?(c) is stable under Hurwitz action. We 
also consider the length function Ir : W ^ Z>0) whose value at w is the common length of the 
elements of RedR(it;), and two partial orderings of W defined as follows: for all w,w' G W, we 
set 

w 4r w' -.^^ Ir{w) + Ir{w~^w') = Ir{w') 
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and 

w' '^R w Ir{w'w~^) + Ir(w) = Ir{w'). 

Since R is invariant by conjugacy, we have w ^r w' <^ w' )pR w. 

Let y G ys^^ let (si, . . . , s„) := lbl{y), let (n, . . . ,r„) := (7r(si), . . . ,7r(s„)) = 7T^ilbl{y)). By 
Lemma 7.3, (ri, . . . , r„) G Redij(c). 

The key result of this section is: 

Theorem 7.4. Let y G F^^", T/ie maps 

y.Bn^ lbl{y) ■ Bn ^ T^''{lhl{y)) ■ Br, 

are isomorphisms of En-sets, where y-Bn is the Galois orbit ofy, and lbl{y)-Bn andTT^{lbl{y))-Bn 
are Hurwitz orbits. 

The theorem implies that conditions (i)-(iii) from Corollary 6.19 actually hold. 

In the real case, this was initially conjectured by Looijenga, [32, (3.5)], and proved in a 

letter from Dclignc to Looijenga (crediting discussions with Tits and Zagier), [26]; an equivalent 
property ([3, Fact 2.2.4]) was independently used in our earlier construction of the dual braid 
monoid. 

These proofs for the real case are based on case-by-case numerology: because the _B„-scts are 
transitive, it suffices to prove that the cardinaUty of y ■ B,i (which is by construction the degree 
of LL) coincides with that of (ri, . . . , r„) • B^. This is an enumeration problem in W and may be 
tackled by case-by-case analysis (the infinite family are easy to deal with, computers can take 
care of the exceptional types). 

This enumerative approach carries on to our setting: Theorem 7.4 immediately follows from 
Proposition 7.5 below. 

Proposition 7.5. Let W be a well-generated complex reflection group. Let c be a Coxeter 
element in W . The Hurwitz action is transitive on Redi?(c). When W is irreducible, one has 
|Redij(c)| =n\h''/\W\. 

Proof. The proposition clearly reduces to the case when W is irreducible and w = c: in the 
reducible case, reduced decompositions of Coxeter elements are "shufiles" of reduced decompo- 
sitions of the Coxeter elements of the irreducible summands. 

We prove the result case-by-case (see Table 1 in section 2 for the list of cases to be considered). 
The complexified real case is studied in [26] (transitivity is easy and docs not require case-by- 
case, see for example [3], Proposition 1.6.1). The G(e,e, r) case combines two results from [6]: 
Proposition 6.1 (transitivity) and Theorem 8.1 (cardinality). 

The case of G{d, l,r) goes as follows. For all integers i,j with 1 < i < j < n, denote by Tij 
the permutation matrix associated with the transposition (i j) G ©„, = G(l, l,n) ^ G{d. l.r). 
For all C £ A^d and alH G {1, . . . , n}, denote by pi^^ the diagonal matrix Diag(l, . . . , 1, 1, . . . , 1), 
where ( is in i-th position. There are two types of reflections in G{d, l,n): long reflections are 
elements of the form pj^, with C 7^ Ij short reflections are elements of the form t^j := Pj^^Ti^pi^^^, 
with ( G fi([ and 1 < i < j < n. A typical Coxeter clement is c := /3i,(^^ti^2'^2.3 • • • 'Tn-i,n- Since 
Coxeter elements form a single conjugacy class, and since R is invariant under conjugacy, it 
suffices to prove the claims for this particular c. Let (ri,...,rn) G RedR(c). Let us prove 
that it is Hurwitz equivalent to {pi,Q, ti,2,T2^3, . . . , t„_i^„). Consider the morphism G{d, 1, n) 
G(l, l,n),g Ij sending a monomial matrix to the underlying permutation matrix. This map 
sends ■ to Tjj and pi^Q to 1. The element c is a Coxeter element in G(l, 1, n). One deduces that 
there is a unique long reflection rjg among ri, . . . , r„ and that (ri, . . . , f^, . . . , r„) is a reduced 
i2-decomposition of c in G(l,l,n). Up to applying suitable Hurwitz moves, we may assume 
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that iQ = 1. Using the transitivity result already known in the type l,n) case, we see that 
(ri, . . . , Vn) is Hurwitz equivalent to (pi,^, t'^\, ■ ■ ■ , where z G {1, . . . , n}, C ^ l^e ~ {1} ^.nd 

ai, . . . ,q;„^ G yUd- By considering the determinant, we see that C = Cd- ^ direct computation 
shows that, if i > 1, 

One may use this relation to construct an explicit sequence of Hurwitz moves showing that 
(ri, . . . , r„) is equivalent to iPi,Q,Ti2} • • • ) One concludes by observing that ■ ■ ■ "C-i n 

■7"i,2 • • • Tn-i,n forccs a'^ = a'2 = ■ ■ ■ = ct'n-i = 1- The claim about cardinality is not difficult, once 
it is observed that an element of Red/j(c) is uniquely determined by: 1) the position of the long 
reflection p^^^, 2) the integer i, 3) a reduced i?-decomposition of the Coxeter element c. 

There remains a finite number of exceptional types which are treated by computer. □ 

Until the end of this section, wc assume that W is irreducible. 

Lemma 7.6. Let y G ys^n^ ^^^^ ^^^^^ ^-^^^^ . . . , s„). Let i G {1, . . . ,n}. Then 

Ir{it{si . . . Si)) = i. 

Proof. Since y G yscn^ each sj is a braid reflection, mapped under tt to a reflection rj G R. Thus 
^R(7r(si . . . Si)) < i and /i^(7r(si+i . . . < n — i. Since 7r(si . . . Sj)7r(si+i . . . s„) is a Coxeter 
element (Lemma 7.2), it has length n. This forces both inequalities to be equalities. □ 

Lemma 7.7. The restriction of it to the set S of simple elements is injective. 

Proof. Let s and s' be simples such that 7r(s) = 7r(s'). By Corollary 6.20, we may find 
y,y' G ysen^ with lbl{y) = (si,...,s„) and lbl{y') = {s'l, . . . , s'^), and i,j G {0, ...,n} such 
that s = si . . . Si and s' = ,s'i...s'j. One can clearly assume that LL{y) = LL{y'). By 
Lemma 7.6, we must have i = j. Applying Proposition 7.5 to w = 7r(s), we may find j3 & Bi 
such that (7r(si), . . . , 7r(si)) • /? = (7r(s']^), . . . , 7r(s'J). Similarly, we find /?' G such that 

(7r(si+i), . . . ,7r(sn)) • (3' = (7r(s'j_^i), . . . , 7r(s'„)). View x Bn-i as a subgroup of S„ (the 
first factor braids the first i strings, the second factors braids the n — i last strings), and set 
P" ■= (/5,/3') G Bn. We have 7r"(iW(y)) • /?" = TT'^{lbl{y')). Applying the theorem, this implies 
that lbl{y) ■ (3" = lbl{y'). Clearly, /3" does not modify the product of the first i terms of the 
labels. Thus s = s'. □ 

Definition 7.8. Let x G En. Let s = {si, . . . ,Sk) be a finite sequence of simple elements. We 

say that x and s are compatible if the following conditions are satisfied: 

• The configuration x consists of k distinct points. 

• Let (xi, . . . , Xk) be the ordered support of x. For all i, set 

, { Si if i = ra or re(a;i) < re(a;i+i) 
* ' IsiS")!! if i < n and re(a;i) = re(a;i+i). 

Then, for all i, is simple and l{s^) is the multiplicity of Xi in x. 

• We have s\. . .s'j^ = 5. 

In the following theorem, S* denotes the set of finite sequences of elements of S. 

Theorem 7.9. The map Y ^ En x S*,y i-^ {LL{y),lbl{y)) is injective. It image is the set of 
compatible pairs {x,s) G En x S* . 

Proof. (1) Injectivity. 

The injectivity on ysen follows directly from Corollary 6.19 and Theorem 7.4. 
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Let y,y' G Y with LL(y) = LL{y') and lbl{y) = lbl(y'). We have to prove that y = y'. 
Let {xi, . . . ,Xk) and (ni, . . . ,nfc) be the ordered support and multiphcities of LL{y). Let 
{h,...,tk) ■.= lbl{y). 

For simphcity, we begin with the case when {xi,...,Xk} G E^^^, i.e., we assume that 
re(xi) < re(x2) < • • • < re(xfc). Let {ym)m>o be sequences of points in ys^"^ converging to y. 
Let {s^^\ . . . , s^^) := lbl{ym)- For m large enough, Hurwitz rule implies that s^^^ . . . = ti, 
^nT+i ■ ■ ■ ^m+n2 ~ etc... Similarly, choose a sequence (y^) of points in ysen converging 
to y'; one has the corresponding properties for (s^"*^ ,...,s^^ ) := lbl{ym)- For m large, 
(s^™'^ . . . , si'^'*) and (s^™'^ , • • • , s^T^^ ) are two reduced i?-decompositions of the simple ti. By 
Proposition 7.5, they are in the same Bm Hurwitz orbit. Similarly, (si™+i, • • • , -s^^^^^) 

(•^n"+i' • • • ' ^^ni+n2) Same i?„2 Hurwitz orbit, etc... We have proved that, for m large 

enough, lbl{ym) and lbl{y!^) are Hurwitz transformed by a braid Pm which lies in the natural 
subgroup X x • • • x Bn^. of One concludes noting that this subgroup belongs to the 
ramification group for the S„-action on y. 

The case when {xi, . . . ,Xk} ^ Ef^^ may be reduced to the previous case by some suitable 
perturbation. 

(2) Image. 

Let y G y be such that LL{y) = x and lbl{y) = s. Let e be a small positive real number. 
We associate to s = si, . . . , s^) a sequence as in Definition 7.8. Clearly, {s[, . . . , s'^) is the label 
of e~^^~^^y. Thus the are simple and, by Corollary 6.17, their product is 5. The statement 
about l{s'j) follows from Corollary 6.16. 

Conversely, given any compatible x and s := (si, . . . , s^), let us consider x' generic close to 
X and y' G LL~^(x'). For each i, choose a reduced i?-decomposition of 7r(si) and concatenate 
these decomposition to obtain a i?-decomposition of c and, via Theorem 7.4, a possible label s' 
for a point in LL~^{x') (i.e., a point y" in the Hurwitz orbit of y'). To conclude, degenerate y" 
to a point with y with LL(y) = x and apply Hurwitz rule. □ 

Theorem 7.9 says that Y is in one-to-one correspondence with the set of compatible pairs 
(x, s). Because of Theorem 7.4, we may actually replace s by the corresponding factorisation of 
c in 14^. We now have all the necessary tools to effectively work in y. A final minor lemma will 
be needed: 

Lemma 7.10. Let y &Y. Let T = {y, z, L) and T' = (y, z' , L') be two tunnels in Ly such that 
bx = br' ■ Then T and T' cross the same intervals among 7i , . . . , (in other words, T and T' 
are homotopic as tunnels drawn in Ly). 

Proof. Up to perturbing y, we may assume that y G Y^*^^. Let (si,...,s„) := lbl{y), and 
(ri, . . . , r„) := 7r"'{lbl{y)). Let ii, . . . ,ii (resp. ji, . . ■ ,jm) be the successive indices of the intervals 
among /i, . . . , crossed by T (resp. T'). We have bx = Si^ . . . s^ and 6t = Sji • • • sj^. Assuming 
that br = br', we obtain s^^ . . . = Sj^ . . . Sj^ and . . . r^, = rj,^ . . . rj^. Let w := ri^ . . .r^. 
By Lemma 7.3, I = m and we have 

I I 
(*) ker(w; - 1) = Q ker(ri^ - 1) = Q kei{rj^ - 1). 

k=l k=l 

Assume that {ii,. . . ,ii) / (ji, . . . We may find j G {ji, . . . ,ji} such that, for example, 

ii < ■ ■ ■ < ik < j < ik+i < ■ ■ - h- Noting that the element ri-^ . . . fi^rjri^^.^ • • •'^h is a parabolic 
Coxeter element, we deduce that ker(rj — 1) 2 ker('u; — 1). This contradicts (*). □ 
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8. The dual braid monoid 

Here again, W is an irreducible well-generated complex reflection groups. We keep the no- 
tations from the previous sections. Recall that an element 6 G -B is simple if 6 = 6t for some 
tunnel T, and that the set of simple elements is denoted by S. 

Definition 8.1. The dual braid monoid is the submonoid M of B generated by S. 

Consider the binary relation ^ defined on S as follows. Let s and s' be simple elements. We 
write s ^ s' if and only if there exists {z,y) G W\V^'^^, L,L' G M>o with L < L' such that 
{y, z, L) is a tunnel representing s and (y, z, L') is a tunnel representing s' . 

This section is devoted to the proof of: 

Theorem 8.2. The monoid M is a Garside monoid, with set of simples S and Garside element 
5. The relation =^ defined above on S is the restriction to S of the left divisibility order in M. 
The monoid M generates B, which inherits a structure of Garside group. 

Remark 8.3. The theorem blends two results of different nature: one is about the Garside 
structure of a certain monoid M(Pc) (see Lemma 8.11 for a presentation of M(Pc)); the other 
one identifies M with M(Pc). The latter essentially amounts to writing a presentation for B. It 
is a substitute for Bricskorn's presentation theorem, [15], except that our presentation involves 
dual braid relations instead of Artin-Tits braid relations. 

Several results mentioned in the introduction follow from this theorem: 

Theorem 0.4 does not assume irreducibility, but follows immediately from the irreducible case 
since direct products of Garside groups are Garside groups. 

Another important consequence of Theorem 8.2 is that one may associate a practical con- 
tractible simplicial complex acted on by B. To explain this, we need some additional terminology, 
imitating [10] and [21]: 

Definition 8.4. Let G be a group, let S be a subset of G. We denote by Flag(G, S) the 
simplicial complex as follows: 

(0) the set of vertices is G, 

(1) the 1-simplices are the pairs {g,h} of distinct elements of G such that g~^h G S or 
h-^g G S, 

(fc) for all > 1, a (fc + l)-tuplc {giQ, • • • idk} of distinct elements of G is a fc-simplex if and 
only if is a 1-simplex for all i ^ j- 

In other words, Flag(G, S) is the only flag complex whose 1-skeleton is the Cayley graph of 
(G,S). 

The following result is due, in this formulation, to Charney-Meier- Whittlesey. It is inspired 

by the work of Bcstvina, [10], on spherical type Artin monoid (which itself is based on the work 
of Deligne). It was also implicitly used in several articles by T. Brady (e.g. [12]). 

Theorem 8.5 ([21]). Let G be a Garside group with set of simples S. Then Flag(G, E) is 

contractible. 

Corollary 8.6. The simplicial complex Flag(i?, S) is contractible. 

The strategy of proof of Theorem 8.2 is very similar to the one in [6]. 

Proposition 8.7. For all s G S, we have l{s) = lR{7r{s)). For all s,s' G S, the following 
statements are equivalent: 
(i) s 4 s', 

(h) 3s" G 5, ss" = s', 
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(iii) tt{s) 4r 7r{s'). 

Proof. The first statement follows from Lemma 7.6. 

(i) =^ (ii). Assume that s ^ s' and choose {x,y) G and L < L' such that {y,x,L) 
is a tunnel representing s and (y, .x, L') is a tunnel representing s' . Then (y, x + L, L' — L) is a 
tunnel representing s" G 5" such that ss" = ,s'. 

(ii) =^ (iii). The natural length function / is additive on B. Thus, under (ii), we have 
l{s)+l{s") = l{s'). On the other hand, for ahcr G S, l{a) = lR{Tr{a)). Thus ZR(7r(s))+ZR(7r(s")) = 
Zi?(7r(s')). Since 7r(s") = 7r(,s)~^7r(s'), this implies that 7r(s) =4r 7r(s'). 

(iii) ^ (i). We may find y, y' G ys"\ with lbl{y) = (si, . . . , s„) and lbl{y') = {s[, . . . , s^) such 
that s = SiS2 . . . s^g) and s' = Sis'2 ■ ■ ■ s'i(^g,y Set w := 7r(s), w' := 7t{s') and, for z = 1, . . . , n, 
set ri := 7r(si) and := 7r(s^). Assuming (iii), we may find r'/, . . . , r"^^,-j_;^^-j G such that 
n . . . r,(,)ri' . . . rl[^,yi^^) =r[... rl^^,y The sequences 

(ri,...,r,(s),rl',...,rf(,,)_;(3)) 

and 

both lie in RedR{w'). Since u;' =^ c, both sequences lie in the same Hurwitz orbit (Proposition 
7.5). Thus 

and 

in, ■ ■ ■ ,ri(s),ri, . . . , , ,---,rn) 

are transformed one onto the other by Hurwitz action of a braid P G only braiding the first 
Z(s') strands. The Hurwitz transform of 

lbl{y') = {s[,...,s'J 

by P is the label 

(s^, . . . , s„) 

of some y" G Y^^^. Since the braid only involves the first Z(s') strands, s'( . . . s'l^^,^ = s'^ . . . sj^^,^ = 
s'. One has 7r(sf ) = rj for i = 1, . . . , l(s), thus 7r(s" . . . •^"(g)) = 7r(si . . . si(^g-j). By Lemma 7.7, 
this implies s" . . . s"^^-^ = si . . . = s. For x with small enough real and imaginary parts, one 
may find real numbers L,L' with < L < L' such that {y",x,L) is a tunnel with associated 
simple s'l . . . s'^^-^ = s and (y", x, L') is a tunnel with associated simple s'/ . . . s^'j-^,^ = s'. □ 

Proposition 8.8. The map tt restricts to an isomorphism (S,^) — > ([1, c], =<;ij). In particular, 
=4 is an order relation on S. 

Proof. The previous proposition, applied to s' = 6, proves that 7r{S) C [l,c]. It also proves 
that TT induces a morphism of sets with binary relations {S, =<!)— *■([!, c], ^r). The injectivity is 
Lemma 7.7. 

Surjectivity: Choose y G ysen_ (si,...,Sn) := lbl{y). Let := 7r(si). We have 

(ri, . . . , r„) G Redi?(c) Let w G [1, c]. We may find (r'^, . . . , r^) G RedR(c) such that r'^ . . . r'^^^^^ = 
w. By Proposition 7.5, {r[,...,r'^) is Hurwitz transformed of (ri,...,r„), thus there exists 
y' G ys^" such that TT^{lbl{y')) = (r'^, . . . ,r^). The simple element which is the product of the 
first l{w) terms of lbl{y') is in 7r~^(w;). □ 

We have the key lemma: 

Lemma 8.9. The poset ([1, c], ^r) is a lattice. 
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Proof. The real case is done in [3] - a recent beautiful case-free argument has been found by 
Brady- Watt, [14]. The case of G(e, e,r) is done in [6]. The remaining cases have been checked 
by computer. □ 

Definition 8.10. The dual braid relations with respect to W and c are all the formal relations 
of the form 

/ / // 

where r, r', r" G R are such that r / r', rr' € [1, c], and the relation rr' = r'r" holds in W. 

Clearly, dual braid relations only involve reflections in RCi [l,c]. When W is complexified 
real, i? C [1, c]. This does not hold in general (see the tables at the end of the article). 

As in [3] (sec also [5, Section 1]), one endows [1, c] with a partial product and obtains a monoid 
M(Pc)- From Lemma 8.9, we will deduce that M(Pc) is a Garside monoid. We will also identify 
M(Pc) with M. The following lemma generalises [3, Theorem 2.1.4]: 

Lemma 8.11. Let Rc := RCi [l,c]. The monoid M(Pc) admits the monoid presentation 

M(Pc) — {Rc \ dual braid relations) . 

Remark 8.12. When viewed as a group presentation, the presentation of the lemma is a 
presentation for G{Pc). As soon as we prove Theorem 8.2, Lemma 8.11 will give an explicit 
presentation for B. A way to reprove Theorem 0.6 is by simplifying the (redundent) presentation 
given by the lemma. This does not involve any monodromy computation. 

Proof of Lemma 8.11. By definition, M(Pc) admits the presentation with generators R^ and a 
relation ri . . . = r'^ . . . rj^ for each pair (ri, . . . , r^), (r'^, . . . , r^) of reduced ii-decompositions 
of the same element w G [l,c]. Call these relations Hurwitz relations. By transitivity of the 
Hurwitz action on Red/j(c) (Proposition 7.5), the Hurwitz relations are consequences of the dual 
braid relations. The dual braid relations clearly hold in M(Pc) (to see this, complete (r, r') to 
an element (r, r', rs, . . . , r^) G Redij(c)). This proves the lemma. □ 

Proof of Theorem 8.2. Set Rc := RC\ [l,c]. We are in the situation of subsection 0.4 in [3], 
(W, Rc) is a generated group and c is balanced (one first observes that {w\w c} = {w\w c} 
and {wlc )^r^ w} = {w\c w}; one concludes noting that c is balanced with respect to iW, R), 
which is immediate since R is invariant by conjugacy). By Lemma 8.9 and [3, Theorem 0.5.2], 
the premonoid Pc := [l,c] (together with the natural partial product) is a Garside premonoid. 
We obtain a Garside monoid M(Pc)- 

By Proposition 8.8, the restriction of tt is a bijcction from S to Pc- Let (f) be the inverse 
bijection. Let w, w' G Pc. Assume that the product w.w' is defined in Pc. Let w" be the value 
of this product. One has w w", thus 0(if) ^ 4'{w") (using again Proposition 8.8), and we 
may find b' in S such that (f){w)b' = 4>{w") (Proposition 8.7). Claim: b' = (l){w'). Indeed, b' 
and (j){w') are two simple elements whose image by vr is w~^w"; one concludes using Lemma 
7.7. This proves that (p induces a premonoid morphism Pc ^ S (where S is equipped with the 
restriction of the monoid structure), thus induces a monoid morphism M(Pc) M and a group 
morphism $ : G(Pc) B. 

Let use prove that ^> is an isomorphism. Choose a basepoint y G Y^^'\ Let 71, ... ,7^ be 
generators of tti (y — /C, y) . Let (si , . . . , s„) be the label of y. Let us reinterpret the presentation 
from Theorem 4.4 in terms of Hurwitz action. Since LL : Y—IC is a covering, tti{Y—IC, y) 

may be identified with a subgroup H C Bn- The generators /i, . . . , /„ in Theorem 4.4 may be 
choosen to be si, . . . , s^, and the monodromy automorphism ^1, . . . , are obtained by Hurwitz 
action on si, . . . , s„. Let h e H. Let (s^, . . . , s^) := h{si, . . . , s„) (by this, we mean the Hurwitz 
action of h on the free group generated by si, . . . , s„; the s^'s are words in the s^'s). Call Van 
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Kampen relations the relations of the type = Sj, for any i G {1, . . . , n}, h & H, and s'^ obtained 
as above. We have 

B ~ (si, . . . , s„ I Van Kampen relations) . 

The map vr induces a bijcction from A := tt~^{Rc) C 5 to R^- Let ri, . . . ,r„ be the images 
of si, ■ ■ ■ , Sji- By transitivity of Hurwitz action on Redij(c), the group G(i^c) is generated by 
ri, . . . ,r„, the remaining generators in the presentation of Lemma 8.11 appearing as conjugates 
of ri , . . . , r„ (by successive use of dual braid relations) . Our generating sets are compatible and 
the morphism 

$ : G(Pc) — {Rc |dual braid relations) B (si, . . . , Sn | Van Kampen relations) 
is defined by rj i— Sj. Add to the presentation of B formal generators indexed by 

A-{si,...,Sn} 

as well as the dual braid relations 7r(r)7r(r') = 7r(r')7r(r"). Since the relations already hold in 
G(Pc)) they hold in B, and we obtain a new presentation 

B {A \ Van Kampen relations on {si, . . . , s„}, dual braid relations on A) . 

To conclude that is an isomorphism, it is enough to observe that the dual braid relations 
encode the full Hurwitz action of S„ of (si, . . . , s„), while the Van Kampen relations encode the 
action oi H C. B^- thus Van Kampen relations are consequences of dual braid relations, and 
G(Pc) and B are given by equivalent presentations. 

Since # is an isomorphim and M(Pc) naturally embeds in G(Pc) (this is a crucial property 
of Garside monoids, [23]), M(Pc) is isomorphic to its image M in B. The rest of theorem is 
clear. □ 

As mentioned earlier, one may view B as a "reflection group" , generated by the set TZ of all 
braid reflections. An element of M is in 7^ if and only if it has length 1 for the natural length 
function, or equivalently if it is an atom {i.e., an element which has no strict divisor in M except 
the unit). By Proposition 7.5 and Theorem 7.4, there is a bijection between Redfl(c) and the 
image of Ibl : ysen _^ j^n^ This image is clearly contained in Red7^((5). The conjecture below 
claims an analogue in B of the transitivity of the Hurwitz action on Redij(c) {6 is the natural 
substitute for a Coxeter element in B). It implies that any element in Red7j,(5) is the label of 
some y G ysen 

Conjecture 8.13. The Hurwitz action of Bn on Red-ji{S) is transitive. 

9. Chains of simples 

Here again, W is an irreducible well-generated complex reflection group, and the notations 
from the previous section are still in use. For A; = 0, . . . , n, we denote by Ck the set of (strict) 
chains in S — {1} of cardinal k, i.e., the set of /c-tuples (ci, . . . , c^) in S'' such that 

l-<Cl-< < Cjfc, 

or equivalently the set of /c-tuples {ci,... ,Ck) in such that 

1 ^ ci ^ ■ ■ ■ ^ Ck ^ S. 

It is convenient to write {1 ~< ci ~< ■ ■ ■ ~< c^} instead of (ci, . . . , cj^). 
WesetC :=ULoCfc- 

Let C:={l^ci^----<Cfc}GC. We say that y represents C if there exists x & Uy and 
real numbers Li, . . . , Lj. such that < Li < ■ ■ ■ < and, for i = 1, . . . , A;, (y, x, Li) is a tunnel 
representing Q. 
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Example: if LL{y) is as in the illustration below and {si, . . . ,s^) = lbl{y), y represents 
1 ^ si ^ S1S3 -< S1S3S4 -< S1S3S4S5, 1 ^ S2 ^ S2S4 -< S2S4S5, 1 ^ S2 ^ S2S5 and their subchains, 
but does not represent 1 ^ S2 ^ S2S3 nor 1 ^ S3 ^ S3S5. 

X5 1 



X2 



XI 



X4, 



X3 I 



1 

Definition 9.1. For all C G C, we set Yc := {y G Y\y represents C}. 

To illustrate this notion, we observe that implication (ii) ^ (i) from Proposition 8.7 expresses 
that for all C e C2, Yc is non-empty. Based on the results from the previous sections, this easily 
generalises to: 

Lemma 9.2. For all C E C, the space Yc is non-empty. 

The goal of this section is to prove: 
Proposition 9.3. For all C e C, the space Yc is contractible. 

This technical result will be used in Section 10, when studying the nerve of an open covering 
of the universal cover of W\V^''^^: we will need to prove that certain non-empty intersections of 
open sets are contractible, and these intersections will appear as fiber bundles over some Yc, 
with contractible fibers. 

The proposition is not very deep nor difficult but somehow inconvenient to prove since the 
retraction will be described via LL, through ramification points. The following particular cases 
are easier to obtain: 

• If C is the chain l~<d, then Yc = Y C"-^ 

• More significantly, let W be a complex reflection group of type A2- Up to renormalisa- 
tion, the discriminant is X2+Xf. Identify Y with C. For all y € C, LL{y) = {ib(— y)^/^}. 
In particular, LL(1) = Let s be the simple element represented by the tunnel 
with y = 1, a; = — 1 and L = 2. Let C be the chain 1 ^ s. Then Yc is the open cone 
consisting of non-zero elements of C with argument in the open interval (— 27r/3, 27r/3). 

• Assume that C G Cn- All points in Yc are generic. Consider the map yscn _^ 
Cn X En sending y to the pair ({1 -< si ^ siS2 -<■■■-< siS2 ■ ■ ■ Sn = 6}, LL{y)), 
where (si, . . . , s„) = lbl{y). This map is an homeomorphism. The {Yc)ceC„ are the con- 
nected components of ys™. Each of these components is homeomorphic to En, which is 
contractible. These {Yc)ceCn are some analogues of chambers. 

Regular coverings satisfy a unique homotopy lifting property. The map LL : Y — > En is not 
regular on /C but is "stratified regular" , where En is endowed with the discriminant stratification 

En=\JSx 

A|=n 

and Y with the corresponding stratification (see Corollary 5.8 and the subsequent discussion.) 
A consequence of this is that paths with non-decreasing ramification admit unique lifts: 

Lemma 9.4. Let 7 : [0, 1] — > En be a path. For all t £ [0, 1], denote by St the stratum of En 
containing jit). Assume that'it,t' G [0, 1], i < t' ^ D Sf. Letyo G LL'^{^{0)). There exists 
a unique path 7 : [0, 1] — y such that 7 = LL o 7 and 7(0) = yo. 

Proof. Let = to < ii < • • • < = 1 be such that St is constant on each [ti-i,ti). By an 
obvious induction on m, it suffices to show that there exists a unique 7 : [0,ti] — Y such that, 
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for all t G [0,ti), 7(i) = LL o ^[t) and 7(0) = yo- Because ramification is constant over [0, ti), 
there is a unique continuous lift over [0,ti). Hurwitz rule determines the label of the unique 
7(ti) that makes the lift continuous over [0,ti]. □ 

In the following proposition, if A C LL{y) is a submultiset, the deep label of A is the sequence 

[ti, . . . ,tp) of labels (with respect to y) of points in the support of A which arc deep with 
respect to A (since these points may not be deep in LL{y), the deep label of A is not necessarily 
a subsequence of the deep label of y) . 

Proposition 9.5. Let C = {1 ^ ci -< C2 ~< ■ ■ ■ -< Cm} be a chain in Cm- Let y e Y, let 
{xi, . . . ,Xk) be the ordered support of LL{y) and (si,...,Sfe) be the label of y. The following 
assertions are equivalent: 

(i) y e Yc. 

(ii) There exists a partition of LL{y) into m + 1 submultisets Aq, . . . ,Am such that: 

(a) For all i,j G {!,..., m} with i < j, for all x E Ai and all x' G Aj, we have 
re(x) < re(x'). 

(b) For all x E Aq, one has 

ie(x) < min le(x') 

x'eAiU-UAm 



or 



or 



im(x) < min im(x') 

x'eAlU-UAm 



ie(x) > max re(x')- 

x'eAlU-UArr, 

(c) For all i E {1, . . . , m}, the product of the deep label of Ai is Ci. 

Moreover, in situation (ii), the partition LL{y) = Aq\J- ■ • is uniquely determined by y and 
C. 

The picture below illustrates the proposition for particular y and C. Here lbl{y) = (si, . . . , S5) 
and the considered chain is 

C = {1 -< S2 ^ S2S4}. 

We have chosen tunnels Ti = {y,x,Li) and T2 = {y,x,L2), with Li < L2, such that = S2 
and = S2S4. The dotted lines represent these tunnels, as well as the vertical half-lines above 
x, X + Li and x + L2- They partition the complex line into three connected components; the 
partition U yli U A2 is the associated partition of LL{y). It is clear the possibility of drawing 
the tunnels is subject precisely to the conditions on ^0 U ^1 U A2 expressed in the proposition. 



Ao 



Ai \ xr, 



X4 



X3 



T 



Proof, (i) (ii): {y, z, Li), . . . , {y, z, Lm) be tunnels representing the successive non-trivial terms 
of C = {1 ^ ci ^ • • • ^ Cm}- Set zq := z and, ioi i = 1, ... ,m, Zi := z + Lj. We have 



and 



re(2;o) < re(zi) < ■ • • < ie{zm) 
im(zo) = im(2;i) = • • • = im(z^). 
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For i G {1, . . . , m}, let Ai be the submultiset of LL{y) consisting of points x such that re(zi_i) < 
Te{x) < Te{zi) and im.{x) > im(zo)- Let Aq be the complement in LL{y) of U • • • U A^- One 
easily checks (a), (b) and (c). 

(ii) =^ (i) : Conversely, assume we are given a partition Aq\JAiIJ---L\ A^ satisfying conditions 
(a) and (b). One may recover tunnels {y, z, Li), . . . , {y, z, L^) such that the above construction 
yields the partition U U • • • U ^m- Condition (c) then implies that the tunnels represent 
the elements of (7, thus that y € Yq- 

Unicity of the partition: this follows from condition (c) and Lemma 7.10. □ 

Lemma 9.6. Let C = {1 ~< ci -< C2 -< ■ ■ ■ -< Cm} G C. Define Y^i as the subspace of Yc 
consisting of points y whose associated partition Aq,...^ A^ (from Proposition 9.5 (ii)) satisfies 
the following conditions: 

• for i = 0, . . . ,m, the support of A-i is a singleton {aj} and, 

• re(ao) = minj=i,,..,^ re(ai) - 1 and im(ao) = minj=i,...,^ im(aj) - 1. 

Then Yq is contractible. 

Proof. Let y G Y^j. The support {xq, .... x„i) of LL{y) is generic, thus the label (sq, . . . , s^) of 
y coincides with the deep label, and we have sq . . . Sm = S (Corollary 6.17). By Proposition 9.5, 
Condition (ii)(c), we have, for z = 1, . . . , m, Sj = Cj. Thus sq = S{ci . . . c^)"^. We have proved 
that the label of any y £ Y^ must be {6{ci . . . Cm)~^, ci, . . . , Cm). A consequence of Theorem 
7.9 is that the map Y^ — > E^'^ sending y to (xi, . . . , a^) is an homeomorphism. One concludes 
with Lemma 3.2. □ 

We may now proceed to the proof of Proposition 9.3. Let C = {1 -< ci -< • • • -< Cm} G C. Let 
y £ Yc. Let (xi, . . . , x^) be the ordered support of LL(y), and (ni, . . . , n^) be the multiplicities. 
Let • • • be the partition of LL{y) described in Proposition 9.5 (ii). 

The picture below gives an idea of the retraction of Yq onto Y^ that will be explicitly con- 
structed. It illustrates the motion of a given point y G Yc; the black dots indicate the support 
of LL{y) and the arrows how this support moves during the retraction. 



(in this expression, Ai is viewed as a multiset: each Xj in Ai is taken Uj times, and \Ai\ is the 
multiset cardinal, i.e., the sum of the nj such that Xj € A^). 
For each t £ [0, 1], let 



(here again, we consider the multiset union; in particular, the multicardinal of Jyit) is constant, 
equal to n - i.e., ^y{t) G En). This defines a path in En. 

The path 7^ satisfies the hypothesis of Lemma 9.4 and uniquely lifts to a path jy in Y such 
that 7j/(0) = y. An easy consequence of Proposition 9.5 is that ^y is actually drawn in Yc. 




m 



-iy{t) := Aq U IJ{(1 - t)x + tai\x G Ai} 



i=l 
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Let y' := 7j/(l). Let 



and 



R := mill re(aj) = re(ai) 

i=l,...,m 



/ := mill im(aj). 

j=l,...,m 



For all X G tIq) we have re(x) < or im(x) < / or re(x) > re(aTO); denote by x' the complex 
number with the same real part as x and imaginary part / — 1; let oq := -R — 1 + ^J — 1). 
Consider the path '■ [0, 1] — C defined by: 

(l-2t)x + 2tx' ift<l/2 
(2 - 2t)x' + (2t - l)ao if t > 1/2. 



For all t G [0, 1], one has re(/3x(i)) < i? or im(/3j;(t)) < / or re(/?a;(i)) > re(a„i). 
The path 7^ : [0, 1] — > defined by 

7^(i) := { ai,..^.,ai } U • • • U { am-, ■ -.am} U [J 

|Ai| times \Am\ times 

satisfies the hypothesis of Lemma 9.4 and lifts to a unique path 7^ in Y such that 7^(0) = y' . 
Once again, a direct application of Proposition 9.5 ensures that 7^ is actually in Yq- The 
endpoint y" := 7^(1) lies in the subspace Yq of Corollary 9.6. 
The map 

(^:ycx[0,l] Yc 

is a retraction of Yc onto its contractible subspace Yq. Thus is contractible. 

10. The universal cover of W\V^'^^ 
The main result of this section is: 
Theorem 10.1. The universal cover ofWXV^^^ is homotopy equivalent to Flag(5,5'). 

Combined with Corollary 8.6, this proves our main result Theorem 0.2 in the irreducible case. 
The reducible case follows. 

To prove this theorem, we construct an open covering U = {Ub)b^B, such that the nerve of W is 
Flag(5, S) (Proposition 10.6) and intersections of elements of ZV are either empty or contractible 
(Proposition 10.7). Under these assumptions, a standard theorem from algebraic topology ([30, 
40. 3]) gives the desired result. 

As explained^ in the topologica]_j)reliminaries, our "basepoint" U provides us with a model 

denoted {W\V'^^s)u or simply W\V^^s for the universal cover of W\V^^^. Recall that, to any 

semitunnel T, one associates a path jt whose source is in U, thus a point in Moreover, 

we have a left action of B = Tri{W\V^^^ ,U) on With these conventions, our open 

covering is very easy to define: 

Definition 10.2. The set Ui is the subset of of elements represented by semitunnels. 

For all b e B, we set Ub := hUi- 

It is clear that two semitunnels represent the same point in W\V'^^s if and only if they are 
equivalent in the following sense: 
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Definition 10.3. Two semitunnels T = {y,x,L) and T' = (y',x',L') are equivalent if and only 
if y = y' , X + L = x' + L' and the afHne segment [{x, y), {x',y)] is included in U. 

Let T = {y,x,L) be a semitunnel. The point of Wi determined by T, or in other words the 
equivalence class of T, is uniquely determined hy y, x + L and 

A(r) := inf (A' G [0, L] \ [{x, y), {x + L - X' ,y)] CU} . 

The number A is the infimum of the length of semitunnels in the equivalence class of T. This 
infimum is not a minimum (unless T is included in U), since {y,x + L — X(T),X{T)) is not in 
general a semitunnel. 

We consider the following subsets of Ui : 

(Wi) If A(r) = = min{A' G [0,L] \[x,x + L- X']C Uy}, then T is a tunnel, equivalent to 
{y,x + L,0). Elements of Ui represented by such tunnels of length form an open 
subset denoted by Ui . This subset is actually a sheet over U of the universal covering, 
corresponding to the trivial lift of the "basepoint" . 
(Wi) We denote by Ui the subset consisting of points represented by tunnels with A(T) = 
(but without requiring that the "inf" is actually a "min"). We obviously have Ui C.Ui, 
and Ui is contained in the closure of Ui. 
Similarly, we set for all 6 G i? 

Ub'-bUi, Ub:=W(i. 

Also, for any y E Y, we denote by Ub^y (resp. Ub^y, resp. Ub,y) the intersection ofUb (resp. Ub, 
resp. Ub) with the fiber over y of the composed map W\V^^s — W\V^^^ — Y. 

Lemma 10.4. The family {Ub)b£B *s a partition ofW\V'^^. 

Proof. It suffices to show that the projection Z//i — > W\V^^^ is bijective. Any point in z G 

is the target of a unique equivalence class of semitunnels T with A(T) = 0; depending on whether 

z eU OT not, the associated point will be in Ui or inUi —U\. □ 

In particular, (JAb)beB is a covering of W\V^^. 
Lemma 10.5. For all b £ B, Ub is open and contractible. 

Proof. It is enough to deal with 6 = 1. That Ui is open is easy. Let T be the space of tunnels 
and ~ the equivalence relation. As a set, Ui ~ T/ r^. Consider the map 

(p:T x[0,l] — > T 
{T = {y,x,L),t) ^ {y,x,L-tX{T)) 

If T ~ T', then 'it,(/){T,t) ~ (l){T',t). Thus (j) induces a map : x [0,1] Ui. This 
map is continuous (this follows from the fact that A induces a continuous function on Ui) and 
0(T, = r if r G Wi or if t = 0. We have proved that Ui retracts to Ui. We are left with having 
to prove that Ui is contractible. Inside Ui lies Ui which is contractible, since it is a standard 
lift of the contractible space U. 

We conclude by observing that Ui and Ui are homotopy equivalent. There is probably a 
standard theorem from semialgebraic geometry applicable here, but I was unable to find a proper 
reference. Below is a "bare-hand" argument: it explains howUi may be "locally retracted" inside 
Ui (constructing a global retraction seems difficult). 

Both spaces have homotopy type of CW^-complexes and to prove homotopy equivalence it 
is enough to prove that any continuous map f : S'' ^ Ui (where is a sphere) may be 
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homotoped to a map Ui. Assume that there is a tunnel T = (y,z,L) such that (T/ ~ 

) G fiS'^) n (Z7i - Wi). We have L > 0. For any e > 0, let ^^(y) be the open ball of radius 
e in y around y, let Bi;{z) be the affine interval {z — \/— le, z + \/— le). For e small enough, 
there is a unique continuous function : B^{y) x Be{z) — > M such that -L£(y, z) = L and for all 
(y',2;') G -Be(y) x i3e(z), {y' ,z' ,L^{y' ,z')) represents a point in Z7i - Ui. The "half-ball" 

:= {{y\z\L') G x x R|0 < L' < L,{y',z')] 

is a neighbourhood of T/ ~ in Z^/i. Working inside this neighbourhood, one may homotope / to 
/' such that f{S^) n (Z7i - Wi) C /(S'^) n (Z7i - Wi) - {T/ ~}. Compacity of n (Z7i - Wi) 
garantees that one can iterate this process a finite number of times to get rid of all f{S^) fl iJAi — 
Ui). □ 

Proposition 10.6. The nerve of {Ub)beB is F\ag{B,S). 

Proof. Let b,b' e B such that UbHUb' 7^ 0. Let T = {y, x, L) and T' = {y', x', L') be semitunnels, 

representing points z and z' in Z^i, such that hz = Hz'. The image of z (rcsp. z') in WXy^^ 
is {x + L, y) (resp. [x! + L', j/')). Thus x + L = x' + L' and y = y- Up to permuting 6 and 6', 
we may assume that L > L' . Since x' = x + L — L' is in Uy, T" := {y,x,L — L') is a tunnel, 
representing a simple element The tunnel T is a concatenation of T" and T' . This implies 
that z = h" z' and b' z' = bz = bb" z' . By faithfullness of the B-action on the orbit of z, we 
conclude that bb" = b' . 

We have proved that the 1-skeletons of the nerve and of Flag(B, S) coincide. To conclude, 
it remains to check that the nerve is a flag complex. Let C C S be such that for all 6, b' G C, 
either b^^b' or is simple. We have to prove that Uftec^^ 7^ ^■ 

Let Co, . . . , be the elements of C, numbered according to the total ordering on C induced 
by ^: 

Co ^ Ci ^ C2 ^ • • • ^ Cm ^ Co(5. 

Up to left-dividing each term by cq, we may assume that cq = 1. Let y G Yc- We may 
find a;,Li, . . . ,Lm such that {y,x,Li) represents Cj for all i. The point of the universal cover 
represented by {y,x,Lm) belongs to U^ec^^- '-' 

Proposition 10.7. Let C be a subset of B such that Hbgc^^ 7^ ^- ^^^n Clb^^Ub is contractible. 
Proof. As in the previous proof, we write C = {cq, ci, . . . , c^} with 

Co ~< Ci ^ C2 ^ ■ ■ ■ -< Cm 4 CqS 

and assume without loss of generality that cq = 1. 

The case m = is Lemma 10.5. ^ 

Assume that m > 1. Let T = (y, z, L). The point represented by T lies in f]j^^(^Ub if and only 

if there exists Li, . . . , L„i with < Li < • • • < < L such that, for all i, Ti := (y, z, Lj) is a 

tunnel representing Cj. Given y G y, it is possible to find such Li, . . . , if and only if ?/ G Ic- 

This justifies: 

Pi Wb,^/ 7^ ^ y G Yc. 

For a given y G Yc, let us study the intersection f]^i-QUb,y Let (xi, . . . ,Xk) be the ordered 
support of LL{y). Let Aq, . . . ,Am be the associated partition of LL{y), defined in Proposition 
9.5. Let 

R+iV: C) := max{re(2;)|2; G Am}, 
R-{y,C) := min{re(2;)|z G ^1}, 
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I+{y, C) := mm{im{z)\z G Ai U • • • U A^}, 

and 

/_(y, C) = sup{im(z)|z G and i?_ < re(2;) < R+}. 

We have /-(y, C) < I+. It may happen that I-{y, C) = — oo. 

We ihustrate this on a picture. In the example, the support of LL{y) is xi,...,xq and 
C = {1 -< S2 ~< S2S4}, where (si, . . . ,sq) = lbl{y). The support of Ai is X2 and the support of 
A2 is X4^. The remaining points are in Aq. The hnes im{z) = I-{y, C) and im(2;) = C) are 

represented by full lines. A semitunnel (y, L) representing a point in ribec^b,?/ ™ust cross the 
intervals I2 and i4 represented by dotted lines. One must have re(2;) < R-{y, C) and I-{y, C) < 
im(2;) < /+(y, C); the final point z + L must satisfy re(2; + L) > R+{y, C). This final point may 
be any complex number z' in the rectangle re(z') > R+{y, C) and I-{y, C) < im(z') < /+(y, C), 
except the points on the closed horizontal half-line to the right of xq (indicated by a dashed 
line), which cannot be reached. 





X6» 


XI 


X3 • 





Generalising the example, one shows that f^^^^QUb may be identified with 

U ^(2/'^)' 

where E{y, C) is the open rectangle of C defined by 

re(2;) > R+{y,C), I-{y,C) < im{z) < I+{y,C), 

from which have been removed the possible points of ^0 and the horizontal half-lines to their 
rights. 

Let E{y, C) be the rectangle 

ve{z) > R+iy,C), I-{y,C) < im{z) < I+{y,C) 

from which have been removed the possible points of ^0 and the horizontal half-lines to their 
rights. 

A homotopy argument similar to the one used in the proof of Lemma 10.5 (or possibly a nicer 
argument from semialgebraic geometry) shows that Uj/eYc ^^'^ Uj/eYc ^(Vi ^) ^® homo- 

topy equivalent. The latter may be retracted to the union of open intervals UyeYc 
(on each rectangle, the retraction is 

E{y, C) X [0, 1] ^ E{y, C), (z, t) ^ R+{y, C) + t(re(z) - R+{y, C)) + v^im(z)). 

The union {jy^Yci^-iv^^)^ ^+(y^^)) be retracted to {jy^Yci^oiv^C), I+{y,C)), where 
Io{y,C) := max( ^-^^'^^+^+^^'^^ , I+{y, C) - 1). The latter space is a fibre bundle over Yc, with 
fibers intervals. Since the basespace Yc is contractible (Proposition 9.3), this fibre bundle is 
contractible. So is PlbeC^b- '-' 
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11. Centralisers of regular elements 

This section is devoted to the proof of Theorem 0.3. It rehes on algebraic tools explained in [5] , 
that provide us with a categorical version of the dual braid monoid with sufficient symmetries. 
Once one realises that such an object exists, it becomes pretty clear that proving Theorem 
0.3 essentially amounts to adapting the geometric notions from the previous sections to this 
categorical setting. This is precisely what is done here, and it is recommended to read [5] first 
to get a better understanding of the conceptual framework. 

Proving Theorem 0.3 involves going again through all the steps of our proof of Theorem 0.2, 
starting from the notion of tunnel, and finding suitable replacements adapted to the relative 
situation of Theorem 1.9. Most of the topological arguments are similar to that of the previous 
five sections, and actually easier. 

Consider the C^-action by scalar multiplication on V. Since and Y are defined by 

graded subalgebras of Oy, we obtain quotient actions of on these varieties. There is also a 
natural -action on the configuration space En, defined by 

A • {xi, . . .,Xn} ■■= {Xxi, . . .,XXn}- 

Note that we have to be more careful than in the previous sections, and remember that 
consists of centered configurations, since the constructions involved here are not invariant by 
translation. 

Let d G Z>i. Our goal is to understand the homotopy type of 

We want to prove that, if it is not empty, then it is a K{7r, 1). In view of Theorem 1.9, this 
amounts to proving Theorem 0.3. 

If d divides h = dn, then is again the regular orbit space of a well-generated 

complex reflection group (because of Theorem 1.9 (2), the centraliser W' is again a duality 
group, thus is well-generated). Because we have already proved the K{tt,1) property in this 
case, it is enough to work under the following assumption: 

Until the end of this section, we assume that d does not divide h. 

We also set 

h' := and d! :- 



hAd hAd 

11.1. ^^-action and Lyashko-Looijenga coverings. 

Lemma 11.1. For all y & for all A G C^, we have LL{\y) = X'^LL{y). 

Proof. Easy. □ 

Definition 11.2. We denote by En^o the subspace of consisting of centered configurations 
{xi, . . . , Xji} with = • • • = \xn\ = 1- We set Yq := LL~^{En,o)- 

These spaces are stable under ^^-action. 

We set Vo to be the intersection of the preimage of Yq with the subvariety defined by /„ = 0. 
It is clear that the natural map 

W\Vo ^ Yo 

is a /Xrf-equivariant homeomorphism. 

Convention 11.3. We use this homeomorphism to identify 1^\T4 with Y^. In particular, certain 
elements of B may be represented by paths in Yo. 
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Lemma 11.4. The space (W\Vo^'^Y'^ is a deformation retract of (W\V'^'^'^)'^'^ . In particular, 
(W\V^^^)^<' is homotopy equivalent to Y^^'^. 

Proof. Let En^x be the subvariety of En consisting of centered configurations {xi, . . . , Xn} with 
xi, . . . ,Xn & and set Yx L,L~^{En,x)- 

Consider a point in represented by its coordinates 

{x,y) eCxY. 

If the point hes in {W\V)'^^, we must have e'^'^''^~^dx = x and, since we have assumed that d 
does not divide h, x = 0. If the point hes in {W\V^'^^)f^'' , this imphes that ^ LL{y). One 
concludes that (W\V'^^^)'^'^ is isomorphic to Y^. Using the standard retraction of onto the 
unit circle and Lemma 9.4, one easily constructs a retraction of Yx onto Yo. □ 

11.2. Circular tunnels. Contrary to LL, the label map Ibl does not behave nicely with respect 
to the //^-action. Let us replace it with a more suitable notion. First, we need to find a good 
basepoint, and to replace tunnels by circular tunnels: 

Definition 11.5. We set V := {y G Fo|0 G Uy}. 

In other words, y lies in V if and only if LL{y) does not contain any point z G C with ie{z) = 
and im(2;) > 0. 

Via the identification of VF\Vo with 1^0, V corresponds to fl {W\Vo'^^). This subspace plays 
for Yo the same role as U was playing for H^yy^s. One easily sees that it is contractible. 

Definition 11.6. Let y G V and L G [0, 27r]. Let y' := e'^^"^'^. The circular semitunnel of 
length L from y to y' is the path 

7y,L:[0,l] ^ Yo 

riTtL. 
t ^ h y 

If y' G V, we say that ^y^L is a circular tunnel. 

When ^y^L is a circular tunnel, it represents an element 

by,L G B. 

One easily sees that hy^L £ M. The condition L G [0, 27r] was chosen to ensure that hy^L is 
actually a simple element, as we will observe shortly. 

Lemma 11.7. For all y G V, by^2-K = ^■ 

Proof. This is a consequence of the discussion following Definition 6.9. □ 

Let y G V. Let {xi, . . . be the support of LL{y). Since it is included in the unit circle, 
we have 

. . . , Xk} = {ev^(f -^1), e^^(f-«2), . . . , e^^(f-^^)} 

for some sequence {61,62, ■ ■ ■ , 6k) of real numbers, which is uniquely defined if require (which we 
naturally do) that 

{)<6i<62< ■■■ <6k<2iT. 

We call say that {61,62, - ■ ■ ,6^) is the cyclic support of LL{y). We have the corresponding 
sequence of cyclic multiplicities (ni, . . . , Uk). 
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By convention, set '■= 0. Let £ be a small enough positive real number. For i = 1, . . . ,k, 

let 7i be the circular semitunnel of length 9i — di-i from h y to e"^ /> y. It is clear 

that, if £ is small enough, 7j is actually a circular tunnel, and that the element 

Cj G M 

represented by 7^ does not depend on the choice of e. 
Definition 11.8. The cyclic label of y is the sequence 

clhl{y) := (ci, . . . ,Cfc) 

as constructed above. 
By construction, one has 

Ci . . . Cfc = 5. 

It is easily seen that the cyclic label consists of simple elements: up to replacing y by some 

h y, it is enough to show that ci is simple. In the above example, a tunnel representing 
ci is as follows: 



The following definition is an analog of Definition 7.8: 

Definition 11.9. Let x G be such that the support of x is in the unit circle. Let (^i, . . . , 9^) 
and (ni, . . . , Uk) be the cyclic support and multiplicities of x. Let c be a finite sequence of simple 
elements. We say that x and c are cyclically compatible if the following conditions are satisfied: 

• c consists of k terms ci, . . . , c^, 

• for all i, l{ci) = ni, 

• ci . . . Cfe = (5. 

We have the following cyclic analog of Theorem 7.9: 

Proposition 11.10. The map LL x clbl : Yo — En,o x S* is injective, and its image is the 
subset of En^o X S* consisting of cyclically compatible pairs {x,c). 

Sketch of proof . The result is an easy consequence of Theorem 7.9, once it has been observed 
that, for a given y with known LL{y), the value of clbl{y) may be recovered from that of lbl(y), 
and vice- versa. We leave to the reader to describe the correspondence between clbl{y) and 
lbl{y), and to check that it transforms the compatibility conditions of Definition 7.8 into that of 
11.9. □ 
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Let us now explain how clbl(y) varies along a circular tunnel. Let y G V. Let (^i, . . . , 9k) be 
the cyclic support of LL{y). 

Let 9 G [0, 27r]. If 9 is one the then the circular semitunnel of length 9 from y to y' := 

e^^^hy is not a tunnel. Otherwise, it is a tunnel and the cyclic label of y' may be computed 
from (ci, . . . , Ck) ■= clbl{y) as follows: 

If < 6* < ^1, the tunnel is within V and clbl{y') = dbl{y). 

If 9i < 9 < 92, then the tunnel crosses exactly once the complement of V and we have 



where := S~^ci5. Indeed, the first k — 1 terms of clbl{y') are, by construction, the last k — 1 
terms of clbl{y); the last term is then uniquely determined by the condition that the product 
should be S. 

More generally, if 9i < 9 < ^j+i, we have 



11.3. m-cyclic labels. Although the map LL x clbl is already more effective than LL x Ibl at 

handling Y^'', it is not yet entirely practical, since we want to avoid discussing according to the 
particular values oi 9i, . . . ,9k, which of course depend on y. It is convenient to introduce of the 
following variant of clbl: 

Definition 11.11. Let y &Yo and let m be a positive integer. Assume that 

2i7r 1 2i7r 2 2i7v m—1 

{y, eh my^e h my^ . . . h m y| C V. 
The m-cyclic label of y is the sequence 

Clblm{y) ■■= (/l, • • • ,/m) 

- ^ -\ f, 2i7r i — 1 2i7r i 

where jj G o is represented by the circular tunnel of length — from e h m y io e h my. 
When it is defined, the m-cyclic label may be compared with 

clbl{y) = (ci, . . .,Ck). 
Let (^1, . . . , 9k) be the cyclic support. Let 

= io < ji < ■ ■ ■ < jm-l <jm = k 
be such that, for all j G {1, . . . , k}, 



clbl{y') = {c2,...,Ck,c{), 



clbl{y') = {ci+i,...,Cn,cf,...,4). 



9. 




i—1 i 



, —] <j< ji- 



m 



Then 



Clblm{y) = (Cl . . . % , Cj^+i . . . , . . . 



Cj^_l+1 • • -Cfc). 



Let us illustrate this with m = 4: 




The function dblm is coarser than clbl, and is not able to distinguish whether the intersection 
of LL{y) with a given cone of angle 27r/m consists of distinct points. However, if we know 
clblmiCy) for all C in the unit circle, it is possible to recover clbl{y). 
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11.4. A relative dual categorical Garside structure for W'. Denote by the set of 
factorisations of S into m simple terms, some of which may be trivial. By the above discussion, 

clblmiy) e D 

m- 

As explained in [5], one may define a m-divided Garside category of {M,S), denoted by M^, 
whose object set is Dm- 

One may think of Mm as a variant of M that retains its most important features (including the 
possibihty to construct a nice simplicial K{B,1)) but whose automorphism group is artificiaUy 
enlarged (at the expense of increasing the number of objects). The case m = 1 corresponds to 
M itself: a monoid is nothing but a small category with a single object, the elements of the 
monoid being interpreted as the endomorphisms of the object. So far, we have only mentioned 
the objects of Mm- Morphisms will later be understood in terms of circular tunnels. 

The category Mm admits an automorphism denoted by 0^ which acts on objects by 

ifl, ■ ■ ■ , fm) ■ (t>m '■= (/2, ■ ■ ■ , fm, fl) 

(we like to view it as acting on the right, since it is a sort of "right conjugacy"). 
Lemma 11.12. Let m be a positive integer. Let y G Vm- Then 

dblmiCmhU) = clblmiy) ' 4>m- 

Proof. It follows from our above discussions about clbl{e^'^hy') and about the relationship 
between dbl and clblm- D 

Lemma 11.13. If y £ V^'*, then clbl^'iy) € -^d''*' ■ The following assertions are equivalent: 

(i) The integer d is regular. 

(ii) The category M^i admits (p^^, -invariant objects. 

(iii) The category admits 4>^-invariant objects. 

Proof If y G V'^^ then clbld'iy) = clbld'{Qy) = clbld' {Q'^^y) = dbld' ^y). Using Lemma 11.12, 
this is equal to clbld' (y) ■ (p^' ■ ^3kve proved the first statement, which itself implies (i) (ii). 
Conversely, given any 0^, -fixed object (ci, . . . , c,^') of M^/, we may use Proposition 11.10 to find 
y G Yi''^ with clbld'iy) = ici, ■ ■ ■ ,Cd')- 

The equivalence (i) (iii) can be proved similarly (an alternate way to conclude is via 
the equivalence (m) (zn), which is a general property of divided Garside categories, see [5, 
Proposition 9.8]). □ 

Definition 11.14. The reduced dual Garside category for W' relative to the pair (W, W^') is the 
fixed subcategory 

M' := My . 

We denote by G' the groupoid obtained by formally inverting the morphisms in M' . We denote 
by O' the common object set to M' and G' (the elements of O' are 0^, -invariant factorisations 
of 5 into d' simple elements of M). 

The centraliser W (see Theorem 1.9) may be badly-generated, but the category M' provides 
a substitute for the dual braid monoid. 

The following theorem is an analog for W' of the "Garside part" of Theorem 8.2: 

Theorem 11.15. The category M' is a Garside category. As a consequence, G' is a Garside 
groupoid. 
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Proof. See [5]: because M is a Garside monoid, M^i is a Garside category, and the fixed sub- 
category by an automorphism of a Garside category is a Garside category. □ 

Both M' and G' can be viewed as subcategories of the fundamental groupoid of Yo''', as it 
will appear later. 

Proposition 11.16. The map 

clbld' : V'' O' 

is surjective and its fibers are the connected components of V^'^ . These connected components 
are contractihle. 

Proof. Note first that if y G V^'^, then LL(y) contains no point with argument in ^ + 
Indeed, by Lemma 11.1, LL{y) is (^^-invariant, thus it is (^d'-™variant; the condition y G V forces 
that LL{y) contains no point with argument ^; the conclusion follows. 

In particular, the value of clblfi' cannot change along a continuous path in V^'^. Each connected 
component of V^"* must be included in a fiber of clbld/. 

Choose a real number 6 in the open interval ]| — ^) f [• Consider the multiset 

:= { . . . , e^^'+"^\ . . . , e^^^+f), . . . , e^(^+^^), . . . , e^('^+^^) }. 
, ' „ ' „ '-^ 

^ copies ^ copies ^ copies 

One can clearly deformation retract V^'* onto V^'* H LL^^{xo). 

Claim: the map clbld' '■ LL~^{xq) — > O' is a bijection. Indeed, since xq contains exactly 

one point (without multiplicity) in each cone of angle the maps clbld' and clbl coincide 
on V'*'* n LL~^{xq). Using Proposition 11.10, we conclude that clbld' induces a bijection from 
V n LL~^{xq) to the set of factorisations of S in d' simple factors of individual length ^. By 
Lemma 11.12, it is obvious that y G Vr\LL~^{xo) is //^-invariant if and only if clblm is an object 
of M'. 

Combining the claim and the fact that V'^'' deformation retracts onto V^'* n LL~^{xq), we 
see that the map clbld' induces a bijection between connected components of V'*<* and objects of 
M'. □ 

11.5. An interpretation of the groupoid G' . Consider the category 

S':=7^l(y,^^7^o(V'^'^)), 

whose objects are connected components of V^"^ and morphisms are relative homotopy classes 
of paths in Yo with endpoints in V^'*. The category structure is provided by the fact that the 
connected components are simply connected: up to homotopy, there is a natural way to concate- 
nate a path arriving somewhere in a connected component to a path leaving from somewhere 
else in the same component (this is the groupoid version of the trick that consists of replacing 
a basepoint by a simply-connected subspacc). Equivalently, although it would have been less 
convenient, wc could have worked with one favorite actual basepoint chosen in each connected 
component - the advantage of the latter viewpoint is that it identifies B' with a full subcategory 
of the fundamental groupoid of Y^''' . 

The following lemma simply says that B' is a "multi-basepoint" version of B{W'): 

Lemma 11.17. The groupoid B' is equivalent as a category to B{W'), the braid group of W 
(defined as the fundamental group of {W\V^^^)'^'^ ) . 

Proof. By Lemma 11.4, Y^'' is homotopy equivalent to the regular orbit space {W\V^^^)f^'^ , 
thus their fundamental groupoids are equivalent. Since both spaces are path connected, their 
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fundamental groupoids are connected and equivalent to any of their non-empty full subcategories. 

□ 

We will prove that B' and G' are isomorphic. 

Using Proposition 11.16, we may already observe that dhld' induces a bijection from the 
object set of B' to the object set O' of G' . To simplify notations, we identify the object set of 
B' with O'. 

Definition 11.18. An clement of s G 5' is said to be simple if there exists y G V^"^ and 
L G [0, ^] such that e^^hy G V^"*, and s is represented by the circular tunnel of length L 
starting at y. 

We denote by S' the set of simple elements in B'. It is part of an oriented graph structure 

do 

where do is the source map and di is the target map. 

The category M' comes equipped its own notion of simple elements, which is part of its 



natural categorical Garside structure. The simple elements form a graph S' 



do 



di 



O' with the 



following properties (sec [5]): 

• It is a subgraph of (the oriented graph underlying to) the category M' (in particular, do 
is the source map and di is the target map). 

• Edges are 2d'-tuples 

TP — ( f' f" fl fll fl fll \ 

^ — Ul' il 1 i2' i2 ' • • • ' Jd'' JdV 

of elements in 5" such that /[f 1/2/2 ■ ■ ■ f'd'fd' ~ ^- '^^^ source and target of such an F 
are as follows: 

do{F) = {f[f';j^f^,...,f:,,f!l,) 

di{F) = {f'{f2J2fi---jWA 

• The category M' is generated by S'. 

• Let (/i, . . . , fd') be an object. Choose factorisations fi = flf-'f"' of each /j into three 
simples of M. We obtain three edges F,G,H eH' as follows: 



/ ff fll fill fl fll fill fl fll fiii\ 

\J\J1 Jl ) /2/2 J2 5 ■ ■ ■ 5 Jd'Jd'Jd' ) 



TJ I el £11 fill fl £11 fill fl fll flll\ 

^—\JlJl:Jl !J2J2 'J2 '■■■'J ,11 J ,11 'J ^1 ) 



TP / fl fll fill fl fll fill fl fll flll\ 



( fll fill fl fll fill fl fll fill f'S\ 

UlJl j2^J2J2 J3^ ■ ■ ■ ^ Jd'Jd' Jl 



( fill fl fll fill fl fll fill f'S f"5\ 

\Jl j2J2i J2 JzJZi- ■ ■ T Jd' Jl Jl 



(£11 £111 £1 £11 £111 £1 £11 £tnf 5\ 

"-f— Ul >Jl J2'J2 "2 •'3''"'''d"''d' •' 1 ' 



Then the relation FG = H holds in M'. Moreover, these are defining relations for M': 

the category is defined as the quotient of the free category of walks on S' by the smallest 
congruence such that FG ~ H for all triples (F, G, H) obtained as above. 



Theorem 11.19. There exists a unique bijection 
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such that OqoQ = do and di o Q = di. This bijection induces category isomorphisms 

(where {S')_^ is the subcategory of B' generated by S' ) and 

@:G'^ B'. 

In light of Lemma 11.17, the theorem should be understood as an analog for the centraliser 
W' of Theorem 8.2. 

Proof. Let s G S", let y and L be as in Definition 11.18. Let 7 be the circular tunnel of length 
L starting at y. It represents s. 
Let 

(ci,...,Cfe) :=clbl{y), 

ifi, ■ ■ ■ , fd') --clbld'iy). 
By |Lt(i-invariance, it is clear that A; is a multiple of d' , say k = ed' , and that, for all i, 

fi — C(j_i)e+1 • ■ ■ (He 

When t varies from to 1, some points in LL{'y{t)) may cross the vertical half-line of argument 
^. These points were originally labelled by (ci, . . . , Cj), where j is an integer in [0, e] (the integer 
j increases with L; if L = 0, then j = 0; if L = then j = e). 
For all j, set 

and 



fi '■— C(j-l)e+l • • • C(i-l)e+j 



Ji '■— C{i-l)e+j+l ■ ■ ■ Cie- 

In order words, in our previous expression of /j as a product of e terms in clbl{y), we take fl 
to be the product of the first j terms, and to be the product of the remaining terms. In 
particular, 

fi fifi ■ 

A direct computation shows that 

clbla:{e^^^y) = clbld'{7{l)) = (/('/s, /^'/s, • • • , fd'fi)- 

Moreover, the factorisations /j = f'^f-' are uniquely determined by s. This defines a map 
Q' : S' ^ Ti' , compatible with do and di. 

When e < 2, we say that y is elementary. The case e = 2 looks as follows: 







/I 










f^ 



The case e = 1 happens when either f[ 



f[' 




f'ly^ 




'V 






fk 



f'^i = 1 (thus s is the identity morphism of its 



source) or /{' = ••• = f'^, = 1 (s is the Garside element starting at its source). 

In the general case when y is not assumed to be elementary, we may always replace it by 
another y G such that y is elementary and s is represented by the circular tunnel of length 
L starting at y. This is done by collapsing the different points in the support of y corresponding 
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to C(j_i)g_|_i, . . . , C(j_i)e+j (resp. C(j_i)e+j+i, • • • , Cje) into a single point (or no point when j = 0, 
resp. when j = e) and applying an obvious "circular Hurwitz rule" . 

We now construct the map S' S'. Given any object {fi, ■ ■ ■ , fd') € O' and any factorisation 
if[,fi,---, f'd'ifd') e ^' with source (/i, . . . , /d/), we may apply Proposition 11.10 to find y e 
V^'* and L G [0, ^] such that: 

• clbld'iy) = {fi,---,fd'), 

• y is elementary, 

• e^^hy g yt^d and 

. clbld'ie^'^y) = {fIfL, f2fl • • • , f'if'i)- 
Moreover, one easily sees that the simple element s associated to y and L is independent of 
the choice of specific y and L satisfying the above conditions (to see this, use Proposition 11.10 
to describe all possible choices and observe that they only differ by small angles that have no 
impact on s). 

This defines a map 6 : S' ^ S" compatible with Oq and d\. By construction, it is clear that 
©' o = 1-^1. It is also clear that, if ,s G S' is represented by a circular tunnel starting at an 
elementary y € V^'', O o Q'[s) = s. As wc have noted, any s £ S' may be represented by a 
circular tunnel starting at an elementary point. Thus O and Q' are inverse bijections. 

To prove that is the unique S' ^ S' compatible with and di, it suffices to show that, for 
any (/i, . . . , fd'), {gi,...,gd') G O', there is at most one arrow F = {f[,f", f^, , • • • , f'd'ifd") 
in S' with source {fi, ■ ■ ■ , fd') and target (gi, . . . , gd')- Clearly, it suffices to show that /{ is 
uniquely determined by (/i, . . . , fd') and {gi, . . . , gd')- The natural injection 

maps V'^'' into the "basepoint" U, thus we have a natural functor ip : B' ^ B. A direct 
computation using Hurwitz rule shows that ip{G{F)) = f[ (the argument is the same that we 
used to show that the cyclic label consists of elements of S; see the illustration above Definition 
11.9). This proves unicity. 

Let us now prove that 6 extends to a morphism M' {S')_^, i.e., that whenever a defining 
relation FG = H holds in S', we have 0(F) 9(G) = Q{H). The relation corresponds to a 
factorisation 

jj f fl fll fill fl fll rill fl fll flll\ 

•— V/l) /l ) /l -,12112 T J2 ) • • • 1 Jd'i Jd'i Jd' ) 

of 5 as a product of 3d' elements of S. Applying Proposition 11.10, we may find y G V'*'* such 
that dbl{y) = R. For suitable L,L' e [0, @{F) (resp. e(G), resp. &iH)) is represented by 

the circular tunnel of length L (resp. L' , resp L + L') starting at y (resp. e'^^^hy, resp. y). 
The conclusion follows. 

Because the groupoid G' is the localisation of M', the functor : M' uniquely 
extends to a functor O : G' ^ B'. To prove that the latter is a isomorphism, we have to show 

that all elements of B' are products of simples and inverses of simples, and that the relations 
Q{F)Q{G) = Q{H) are defining relations for B' . We follow Brieskorn's strategy from [15] and 
stratify Y^'^ according to the multiplicity of e^^^~ in the support of LL{y): 

= Xo U Xi U • • • U 

where Xj. := {y G Yi^''\e^^~^2 has multiplicity k in LL{y)} (because of the /v,(i-invariance, the 
multiplicity of LL{y) is constant on e^^'^^Hd', thus cannot be larger than n/d!). The open 
stratum Xq is precisely our "multibasepoint" V^'^. Each stratum X). has real codimension k in 
Yo'''. A standard general position argument (as in [15]) shows that the natural functor 

7ri(XoUXi,Xo)^5' 
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is surjective ("full") and that the natural functor 

7ri(XoUXiUX2,Xo) ^B' 



is an isomorphism. One deduces that B' is generated (as a groupoid) by the simples of the form 
e(F), where F G S' has a first term f[ of length 1. The isomorphism 7ri(XoUXiUX2,Xo) ~ B' 
shows that B' has a presentation with those generators and relations of length 2, of the form 
0(F) 6(G) = Q{F')Q{G'). These relations are associated with components of X2 and follow 
from our relations 6(F)0(G) = Q{H), where H has a first term of length 2. 

Because the localisation functor M' G' is faithful (this is general property of Garside 
categories) and : G' — > is an isomorphism, the functor from M' to (S")_|. must also be an 
isomorphism. □ 

The theorem may be used to write down an explicit presentation for B' and B{W'). For 
example, one may prove the case G31 of Theorem 0.6 without any computer-assisted monodromy 
computations (improving the argument given at the end of Section 4). Some other applications 
are: 

Corollary 11.20. The braid group B{W') is a weak Garside group, in the sense of [5]. 
Corollary 11.21. The categories M' and G' are connected. 

Proof. This is because B' is a connected category (see Lemma 11.17). □ 

11.6. The universal cover. Let us fix a particular object * G O' - in light of Theorem 11.19, 
this amounts to choosing a preferred connected component, still denoted by *, of V'^'^. 
Define a simplicial complex T' as follows: 

• The vertex set is 



• Two vertices g G Hom(5/(*, o) and g' G Hom(3/(*, o') span an edge if and only if g ^g' G S' 
or g'~^g G S'. 

The associated flag complex Flag(r') is the natural generalisation to our setting of the complex 
described in Definition 8.4. 

Because G' is a Garside groupoid with graph of simples S', a generalisation of Theorem 8.5 
is applicable (see [5, Corollary 7.6]). It implies that the geometric realisation of Flag(r') is 
contractible. 

Let us use this to prove that Y^'' is a K{Tr, 1). As in Section 10, we have a model of the 
universal cover Yjf'^ where points are represented by paths starting in * and ending anywhere. 

The open covering used in Section 10 was the B{W)-orhit of a basic piece Ui. Here, we need a 
basic piece for each element in our desired index set, the vertex set }iomQ/{*, — ) of F'. 

The following definition makes use of the identification of {B',S') with (G',S') (Theorem 
11.19). 

Definition 11.22. Let g G 'iiomQi{*, — ). We denote by Wg the open subset of Y'o'*'* consisting 
of points represented by paths of the form 7T, where: 

• 7 is any path in Yj^'^ with source in * and target in V^'* and representing g. 

• T is a circular semitunnel of length < ^ starting at the target of 7. 

Lemma 11.23. The family (VVg)ggHomQ/(*,-) is a locally finite open covering of Y^''' , whose 
intersections are either empty or contractible. The nerve 0/ (Wp)ggHomc/(*,-) Flag(r'). 




oeO' 
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Theorem 0.3 follows: the lemma shows that Y^''' is homotopy equivalent to the realisation 
of flag complex of Flag(r'). By [5, Corollary 7.6], the latter space is a K{Tr,l). By Lemma 

11.4, Y'o'^'' is homotopy equivalent to {W\V^^^)^'^ , which coincides (Theorem 1.9) with the space 
^/^y/reg involved in Theorem 0.3. 

Proof. The lemma contains analogs for (VVg)ggHomg/(*,-) of various results about (hlb)b(^B-, namely 
Lemma 10.5 (the sets are open and contractible) , Proposition 10.6 (the nerve of the covering 
is Flag(r')) and Proposition 10.7 (non-empty intersections are contractible). The strategy is to 
imitate the material in Sections 9 and 10. The situation is actually much easier, because we no 
longer have to care about the fibers of W\V'^'^^ Y. 

First, one defines the obvious analogs Wg C Wg and Wg C Wg of the subsets Ub ^ and 
^6 ^ ^fe- One shows that (VVc,)ggHomQ,(*,-) is a partition of Y^''-. Imitating the proof of Lemma 

10.5, one sees that each Wg is open and contractible. 

Let go,-- - ,gk be distinct elements of Hom(5/(*, — ). Assume that the intersection Wgg fl • • • fl 
Wgj, is non-empty and let 2; be a point in this intersection. We may find, for each i e {0, . . . ,k}, 
a path with source in * and target yi G V^'* representing gi and Li G [0, ^) such that the z is 
represented by each of the paths 7iTi, where Tj is the circular semitunnel of length Lj starting 
yi- Up to reordering the gi's, we may assume that 

Lo > Li > ■ ■ ■ > Lk 

(the reordering a priori depends on z but, as it will appear shortly, it only depends go, ... , g^). 
Since 70T0, . . . , ^kTk represent the same point in the universal cover, they have the same target, 
thus 

yo = • • • = h yk. 

Consider the circular tunnel Tq^i of length Lq — Li starting at yo- Its target coincides with yi and 
it represents some element Sj G S'. Using again that ^qTq and ^yiTi represent the same point in 
the universal cover, we see that 7o7o^j and 7^ represent the same point and, in particular, that 

goSi = gi. 

The same argument can be applied to show that, if z < there exists tij G S' such that 
Sitij = Sj. This proves that {go, . . . , (/^.} is a /c-simplex. 

Because the groupoid G' is equipped with a canonical group morphism G' TL mapping 
E' into Z>o, we observe that, for any A;-simplex in Flag(r'), there is a unique way to label its 
elements go,. . . ,gk such that, for all i, g^^gi G S'. When this is satisfied, i < j ^ 9i^9j ^ 

Assume now that {go, . . . , gu} is a /c-simplex in T' . Let us prove that fl • • • fl Wg^, is 
non-empty and contractible. This will complete the proof of the lemma. 

We choose the labelling in such a way that each Si := gQ^gi lies in S'. Because G' acts 
transitively on F' (by concatenation at the source), it suffices to work under the assumption 
that 50 = !*• 

Our base object * G O' is a factorisation (/i, . . . , /d') of 5 into elements of S. Each Sj consists 
of factorisations fj = fljfij for all j. We focus our attention to j = 1 and set hi := f[-^. If 
G {1, . . . , A;} are such that i < i' , then sJ^Sii G S' and hi -< hi'. We have a chain in 5 as 
follows: 

l<hi-< <hk4 fl 

Let yo be a point in the base component V'* associated with *, i.e., in the fiber of clbld' over 
ifi,---,fd')- Let 

{ci,...,Cm) •.= clbl{yo) 
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and let 

(^1, . . . , Om) 

be the cyclic support of LL{yQ). We have m = d'e for a certain integer e, and /i = ci . . . Cg. We 
say that yo is admissible (with respect to (si, . . . , s^)) if, for all i, there exists an integer ji such 
that 

hi = Ci...Cj^. 

Clearly, when this happens, we have 

< ji < • • • < iit < e. 

When yo is admissible, we set Lmin(yo) '■= ^jk- < -^min(yo) < 

Claim: A point z lies in H • • • H Wg,. if and only if it is represented by a circular semitunnel 
whose source is an admissible point yo and whose length lies in (Lmin(yo)) 

The claim is an easy consequence of our earlier discussion of necessary conditions for z to be 

Prom the claim, one deduces that Wgg PI • • • fl Wg^. is homotopy equivalent to the space of 
admissible points. 

The latter space may be described thanks to Proposition 11.10. It is clearly non-empty. It 
deformation retracts onto the space of admissible points with e = k (see above notations) , which 
is obviously contractible. (Remark: The fact that the space of admissible points is contractible 
plays the role of Proposition 9.3). □ 

12. Periodic elements in B{W) 

As before, W is an irreducible well-generated complex reflection group, r G P{W) is the 
full- twist and 5 G B{W) is the Garside element of the dual braid monoid M{W). The image of 

6 m W is a Coxctcr element c. 

Definition 12.1. An element of B{W) is periodic if it admits a central power. 

The goal of this section is to prove that the center ZB{W) is cyclic, and to establish a 
correspondence between periodic elements in B{W) and regular elements in W. As with the 
previous section, the real substance of the arguments lies more in the algebraic tools from [5] 
than in the easy geometric interpretion. 

Lemma 12.2. The intersection of the subgroup (c) C W with the interval [l,c] is {l,c}. 

Proof. [27, Proposition 4.2] gives an argument for the real case that, as pointed out by J. Michel, 
applies verbatim. We include it for the convenience of the reader. Let 2 < di, . . . ,dn = h he 
the reflection degrees. Because c is regular, its eigenvalues are g" ' ([41, Theorem 4.2 (v)]). 
Assume that some power c'^ lies in [1, c], thus that 

lR{c'') + lR(,c'-'')=n. 

By Proposition 8.7 and Lemma 7.3, 

lRic'') = n-#{i\il-d,)k = 0[h]}. 

Using the same formula for c^~^, we deduce that 

#{i|(l - di)k = 0[h]} + #{i|(l - di){l -k) = 0[/i]} = n. 

For a given i, {1 — di)k and {1 — di){l — k) cannot simultaneously divide h. The identity then 
forces that, for all i, either (1 — dj)A; or (1 — dj)(l — /c) is a multiple of h. But, when 2 < k < h — 1, 
neither (1 — h)k nor (1 — h){l — k) is a multiple of h. □ 
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Theorem 12.3. Let h' := gcd(d]^. d ) ' -^^^ centres of B(W) and W are cyclic, generated 
respectively by S'^' and c^' . 

Proof. That ZW is cyclic of order gcd(di, . . . , d„) is classical; any central element is regular; 
because c'* is regular and has the right order, it must generate ZW. 

Let us prove study the conjugacy action of S. Write a given b G B(W) in Garside normal form 
b = 6^si . . . si where A; G Z and si, . . . ,si € [1, c] — {1, c}. The normal form of b^ is S'^s'l ■ ■ ■ sf. 

Because c^' is the smallest central power of c in VF, S'^' is the smallest central power of 6 
in B{W). Moreover, if 6 G ZB{W), then it must commute with S and any simple term in 
its normal form 5^si . . . si must commute with c. Because c is Coxcter element, the centraliser 
of c in is (c) (this follows from Theorem 1.9 and, actually, extends Corollary 4.4 in [41]). 
Combining this with Lemma 12.2, we see that 1 = 0, i.e., that b E (S). □ 

Remark 12.4. This generalises [18, Theorem 2.24] and was conjectured by Broue-Malle-Rouquier. 
When W is badly-generated, the centres should still be cyclic. With the results of [18], the only 
case left to check is G31. The Garside category structure provided by our previous section 
should certainly be applicable to obtain this case, but we haven't checked the details of the 
computation. It should also not be too difficult to check that ZP{W) = (r). 

Because of Theorem 12.3, an element 7 G B{W) is periodic if and only if it is commensurable 
with r (or S), i.e., if there exists p, q such that 

To simplify notations, we restrict our attention to the situation where 

7 = r 

and call such a periodic 7 a d-th root of t. The theory works the same way for other (p, q). 

When d is regular and xq is a (^(^-regular eigenvector, we may consider the standard d-th root 
of T represented by 

[0,1] W\V'^^ 
t I — > e^^'^^XQ 

and denoted by This of course involves choosing a particular basepoint, but because the 
statements below are "up to conjugacy", one should not worry too much about this. 
A particular case is 



Theorem 12.5 (Springer theory in braid groups). Let d be a positive integer. 

(i) There exists d-th roots of r if and only if d is regular. 

(ii) When d is regular, there is a single conjugacy class of d-th roots of t in B{W). In 
particular, all d-th roots of t are conjugate to ^/t. 

(iii) Let p be a d-th root of t. Let w be the image of p in W. Then w is Q-f^egular, and the 
centraliser CB(w)ip) isomorphic to the braid group B{W') of the centraliser W' := 
Cw{w). 

Proof, (i) A consequence of [5, Corollary 10.4] is that, if r = 5 admits d-th roots, then M^'^ is 
non-empty. By Lemma 11.13, this implies that d is regular. The converse is obvious (we may 
consider the particular root \/t). 

(ii) Using [5, Corollary 10.4] and [5, Proposition 9.8], we see that conjugacy classes of d-th. 
roots of r are in one-to-one correspondence with connected components of the category G'. By 
Corollary 11.21, this category is connected. 
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(iii) That w is regular follows from (ii), because it is conjugate to the image in W of yfr, 
whose image in W has a xq as Crf-regular eigenvector. The assertion about the centraliser follows 
from its categorical rephrasing in M^, where it is trivial (the conjugacy action being a power of 
the diagram automorphism of the Garside structure). □ 

Remark 12.6. This answers many questions and conjectures by Broue, Michel and others (see 
[17] for more details). Particular cases of (i) were obtained by Broue- Michel and, independently, 
by Shvartsman, [19, 43]. Assertion (ii) can be viewed either as a Kerekjarto type theorem ("a/Z 
periodic elements are conjugate to a rotation^\ see [5]) or as a Sylow type theorem ("aZZ Cb{w){p) 
are conjugate''^). The type A case of (ii) actually follows from Kerekjarto's theorem on periodic 
homeomorphism of the disk. The type A case of (iii) was proved in [7] . 

Of course, the most natural interpretation is to view the theorem as providing a braid analog 
of Theorem 1.9. 

Remark 12.7. Let W' be the centraliser of a regular element in W . Let W" be the centraliser 
of a regular clement in W' . In terms of orbit varieties, W'\y' = {W\yY'^ and W"\V" = 
{W\VY'^^. Regular elements of W are regular in W. It probably not difficult, by applying 
Theorem 12.5 to the pair {W,W"), to generalise the result to the pair {W' ,W"). 

13. Generalised non-crossing partitions 

Here again, W is an irreducible well-generated complex reflection group. 

When W is of type the lattice {S,^) is isomorphic to the lattice of non-crossing 

partitions of a regular n-gon ([7], [12]). Following [37], [3] and [6], we call lattice of generalised 
non- crossing partitions of type W the lattice 

and Catalan number of type W the number 

Cat(T^) ■.= f[^l±^. 

1=1 

The operation sending .s =<; t to s~^t is an analogue of the Kreweras complement operation. 
The map s i— > s~^5 is an anti-automorphism of the lattice. 

In the Coxeter case, Chapoton (see [20]) discovered a general formula for the number Z-^y{N) 
of weak chains si =4 S2 ^ ■ ■ ■ ^ sjv-i of length iV — 1 in (S, or equivalently for the number 
of complete weak chains 

Sl 4 S2 4 ■ ■ ■ =4 SN-l 4 SN = S 

of length N. This formula continues to hold, though we are only able to prove this case-by-case 
(see [1] and [20] for the Coxeter types; the G(e, e,n) case was done in [6]; the remaining types 
are done by computer). 

Proposition 13.1. We have, for all N, 

i=l 

Corollary 13.2. We have \S\ = Cat{W). 

Another interesting numerical invariant is the Poincare polynomial 

ses 
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w 


degrees 


\R\ 


Cat (IF) 


Poin(S') 


lRedi?(c)| 


^2,3 {n,} 


2,(3. 10 


15 


32 


1 + 15^ + 15/- + 


50 


G2A 


4,6, 14 


21 


30 


1 + 14t + Ut^ + 


49 


G27 


6, 12,30 


45 


42 


1 + 20t + 20t^ + 


75 


G28. {F'l) 


2.6,8,12 


24 


105 


l + 2At + 55t'^ + 24f^ + 


432 


G29 


4,8, 12,20 


10 


112 


1 + 25/ + 60/- + 25/'"' + /^ 


500 


G3Q {H4) 


2,12,20,30 


60 


280 


1 + 60t + 158i^ + 60t'^ + 


1350 


G33 


4,6,10,12,18 


45 


308 


1 + 30i + 123t^ 
+123t^ + 30t^ + 


4374 


G34 


6,12,18, 
24, 30, 42 


126 


1584 


1 + 56i + 385t^ + 700t^ 
+385t^ + 56t^ + 


100842 


G35 (Eq) 


2,5,6, 
8,9,12 


36 


833 


1 + 36t + 204i^ + 351i^ 
+204t^ + 36t^ + 


41472 


G3%{E-j) 


2,6,8,10, 
12, 14, 18 


63 


4160 


1 + 63t + 546t^ + 1470t^ 
+1470*"^ + 546^"^ + 63t^ + f 


1062882 


G37 (Eg) 


2,8,12,14, 
18,20,24,30 


120 


25080 


1 + 120t + 1540i^ 
+6120*3 + 9518*'' + 6120*5 
+1540*6 + 120*7 + *8 


37968750 



Table 2. Numerical invariants of generalised non-crossing partitions. 



The numerical data for the exceptional types (real and non-real) is summarised in Table 2. 
The coefficient of * in the Poincare polynomial is the cardinal of Re- One observes that 

R = Rc<^W is real. 

In the Weyl group case, Poin(S') may be interpreted as the Poincare polynomial of the coho- 
mology of a toric variety related to cluster algebras ([20]). 

When W is the (not necessarily well-generated) centraliser of a d-regular element in a well- 
generated W, the natural substitute for Zw{N) (and for Cat(PF) = Zw{2)) is the number 
Z^,{N) of complete weak A'^-chains of simples in the reduced dual Garside category M' associ- 
ated with W' (see Definition 11.14). As in Section 11, let d' := d/dAh. Complete weak A''-chains 
of simples in the d'-divided category M^' may be identified with complete weak ATd'-chains of 
simples in M. There is a natural ^u^^-action on these chains. The number Z'^r,{N) is the number 
of /i(i-fixed complete weak A^d'-chains of simples in M. In a joint work with Vic Reiner, we 
conjecture that the //(^-action exhibits a cyclic sieving phenomenon: the number of fixed points 
should be the value at Q of a q'-analog of the number of chains: 

Conjecture 13.3 (Conjecture 6.5 in [9]). Let q be an indeterminate. For any a G Z>i, set 
[a\g := l + g + --- + g«-^ Then 

A [dj + {Nd' - l)h]q 

is a polynomial in q whose value at q = Q is Z'y^, (N) . 

When N = 1, the formula should give the number of objects in M'. 

Example 13.4. When the complex reflection group W' = G31 is viewed as the centraliser of a 
4-regular element in a Weyl group of type Eg, one checks that the number of objects in M' is 
88, as predicted by the conjecture. 
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